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Evolution stochastique d'un endommagement de type Barenblatt : 

quelques résultats théoriques et numériques.
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Bonding problem

Bonding of secondarystructures
(berthingstructures, external
ladders, internalsuspended
ǇƭŀǘŦƻǊƳǎΣ Χύ

Ultimatestrengh
Damage
Ageing

Developmentof experimentaltools

DIC X ray
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Sikadur30 distilledwater
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Loctite
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An evidence: smallthickness
(and a smallparameter)
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At least 2 possibilities

- Adaptednumericalmethods

- « Simplified» models
ImperfectInterface: Jumps
- In the displacements
- and/or In the stress vector



(At least) two familiesof simplifiedmodels

ÅPhenomenological

ÅDeductive(micromechanics)
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Behavior, cracks, roughness, couplings, 
temperature,etc.
At local scale

Macro scale
Micro scale

Thin Layers (Soft ?)

At least one small parameter
(multiscale) : thickness



CFM 2025 Metz 1127/08/2025

A methodology for interfaces modelling



Proposedgeneralmethodology
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fe(s,S,PΣ ŜΣ 9Σ ΧύҐл
f0(sn,SnΣtƴΣ ώǳϐΣΧύҐл

How best to preserve the 
mechanical characteristics of the interphase?

INTERPHASE INTERFACE
Asymptotictheory
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1st Variouskindsof interfaces (a tentative 
of classification)

ÅImportance of the ratios

adhesive/substratesstiffnessesversus thicknessep

- p = 1 Soft (Epoxy/Steel)

- p = 0 Hard/stiff (Araldite/Plexiglass)

- p = -1 Rigid(Welding)
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Caillerie1980

e



2nd Convergence resultsin energy(elastostatics)
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Soft interface (Licht-Michaille96&97, PhD Zaittouni)

ὦ ὰὭάὥ Ⱦ‐

am ~ e(u)q

Hard interface (Lebon-Rizzoni2010)

Generalizedspring/ Imperfectinterface

Perfectinterface

ImperfectInterface

ό givenby order 0

„ givenby order 0

Non local model (tangentialderivatives)

In addition (formal) Formal equivalence between the soft interface law and the hard 
interface law

(usingG-convergence)

(interphase energydensity)
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3rd Recall« FORMAL» ASYMPTOTIC EXPANSIONS

27/08/2025

Sanchez-Palencia, CiarletΣ Χ

Expansion
Rescaling
Analysis
Matching

Model

In the following, n = e3
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4th UNILATERAL CONTACT

Bonettiet al. 2017, Lebon et al. 2022
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Tworegimes(piecewisematerial)

Thicknesse

Soft

Hard

Mielkeet al., 2012

2 regimes

- Traction soft material

- Compression hard material

ὑ ‐ὑ

ὑ ὑ
(in fact not necessaryfor shear)

(Spheric)

K: eb or B



Asymptoticstudy(soft case)
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Expansion of the straintensorsphericat first order

Constitutive equationin the adhesive

„Ὡ ὑό † Ὡ

όȟ ό]

„Ὡ ὑ ό if ό] 0

ό] 0    if ό] 0

ὦ ὑ
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Isotropy

Anisotropy Adhesion?

Why? (Lebon-Rizzoni2022)

Remark

(quasi)SignoriniDue to expansion at second order

(spheric+ constitutive equation)

(Curnier et al.)
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DAMAGE

Bonettiet al. 2017, Mailto et al., 2019, Raffaet al. 2021,2022,2023
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Asymptoticmodeling of interfaces
How to introducedamage?
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Soft Interface

„Ὡ ὑό

ὑ ‐ὑ

Spring model

„Ὡ ὑό ίσσὩσIncludingUC

CyclicexperimentsOreficeet al. 2016

K = K(R) ?



Asymptoticmodeling of interfaces
How to introducedamage?
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Adherent 1

Adherent 2

Microcracks
ʀ

Adhesive

Proposed methodology

Kachanov, Sevastianov, WelemaneΣ Χ

K = K(R)
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Adherent 1

Adherent 2

Imperfect interfaceMicromechanical 
homogenization 

and 
asymptotic theory

Imperfect interface with evolutive damage 

Ἵ π

Ὑ

F1

F2

Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interphase)

Free Energy

Elasticitywith damage

Threshold

Non 
local

π Ὑ ρ

Constitutive equation
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interphase)

Dissipation potential

Evolution law

Irreversibility
Rate dependent

Difficulty: 2 subdifferentials

πᶰ‬Ὅȟ Ὑ ‬Ὅȟ Ὑ ὑȟ ὙὩόȡὩό ‫ȟ Ὑ ‌ЎὙ –ὙὙ
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interface, asymptotic expansions)

Hard interface
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (interface)

Hard interface
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interface, asymptotic expansions)

Soft interface
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (interface)

Soft interface



Numericalexample(Hard, n=1, p=1)
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Raffa M. L. et al., Technologies, 2021
Rizzoni R. et al., KEM, 2022

Experimental
(Murakamiet al., 
Int J AdhAdhes2016)

Models

WG
KS

stress-based (Kachanov-Sevostianov, KS) 
and strain-based (Welemane-Goidescu, 
WG). 

ὑ
ὑ

ρ ὅὙ
ὑ ρ ὅὙ



PARTIAL CONCLUSION
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Material
Constitutive equations, 

Kinematics

Cracks,rou-
ghness, 
ŘŀƳŀƎŜΣ Χ

AdaptedAsymptotic
Expansions

AdaptedNumerical
Implementation

Interface Law
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Stochastics
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Lengthsand orientation of cracks
Thickness

Stiffness

Threshold, viscosity, etc.



Stochastics
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Itô Integral

is the root mean square limit when the 
step of the partition tends to zero 

0 = ὸ0 < ὸ1 < Ễ< ὸὯ= Ὕof [0, Ὕ]

ὄis Brownian motion and Ὤis 
a stochastic process

Wedefinea partition

Wedefine



Stochastics
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Ito Integral µt (Ὑ ᷿ὬὙὨὡµtὙ

Twopossibilities

Itô integral

In or out Indicator function?
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Mathematicalresults(in the volume)

(où R devient ̝)



27/08/2025 CFM 2025 Metz 39

2 subdifferentialsĄ 1 subdifferential
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Ideaof the proof
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Coupledproblems(Bauzetet al. 2021)

Additive (1.1)

Multiplicative
(1.2)
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Additionalresults(numericalschema)
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- Couplingwith mechanics
- Finiteelements
- Thicknesstends to zero
- Twosubdifferentials

What remainsto bedone
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Numericalprocedure
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Example: non increasing

b= n
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ThicknessĄ 0

FubiniStochasticTheorem

Twomodels


