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Plan of the presentation

* Motivations I ———
* A general methodology for interfaces

Modelling PI-AN

* Damage ,
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Bonding problem

Bonding of secondary structures
(berthing structures, external
ladders, internal suspended
platforms, ...)
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Ln(days)
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An evidence: small thickness
(and a small parameter)
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At least 2 possibilities

- Adapted numerical methods

- « Simplified » models

27/08/2025

Imperfect Interface: Jumps
- Inthe displacements
- and/or In the stress vector
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100 mm, Flat,

|

(At least) two families of simplitied models

.
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* Deductive (micromechanics)
Thin Layers (Soft ?)

At least one small parameter
(multiscale) : thickness

Behavior, cracks, roughness, couplings,
temperature,etc.
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A methodology for interfaces modelling
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Proposed general methodology

INTERPHASE INTERFACE

Asymptotic theory

interface

f’(on,Sn,Pn, [u],...)=0

interphase

f¢(o,S,P, e, E, ...)=0
How best to preserve the
mechanical characteristics of the interphase?
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1st Various kinds of interfaces (a tentative
of classification)

* Importance of the ratios
adhesive/substrates stiffnesses versus thickness &P

- p = 1 Soft (Epoxy/Steel)
- p = 0 Hard/stiff (Araldite/Plexiglass)
- p = -1 Rigid (Welding)

Caillerie 1980
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\]"‘/ v 2nd Convergence results in energy (elastostatics)

I Soft interface (Licht-Michaille 96&97, PhD Zaittouni) (using I'-convergence)

I (u) on = b([u] ®s n)n
(interphase energy density) _
b=1lima™/e171

Hard interface (Lebon-Rizzoni 2010)
I [u°]1=0, [¢°n] =0

[u'] given by order 0

u® —u° 1 a2
P —u m L (Q) (Weal<)7 [0'1] given by Order O shutterstuck
e __ ~0
7 - 7 6" inD(Q) (weak). Imperfect Interface
(tangential derivatives)

In addition (formal) Formal equivalence between the soft interface law and the hard
interface law
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STEPS
TO...

Expansion
Rescaling
Analysis
Matching

Model

In the following, n = e,

Sanchez-Palencia, Ciarlet, ...
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3rd Recall « FORMAL » ASYMPTOTIC EXPANSIONS
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4th UNILATERAL CONTACT

Bonetti et al. 2017, Lebon et al. 2022
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gap

contact
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Two regimes (piecewise material) Mielke et al., 2012

Thickness ¢ 2 regimes
- Traction soft material K¢ = ¢K
if e*(u®) >0  (Spheric)
- Compression hard material
(in fact not for shear) =Kk
K: b or B in fact not necessary for shear
if eS(uf) <0
Soft ( )_
( Eb?'jhk(‘E)ﬁhk(“&) if f-_iﬁ('h'..a) 2’ 0
r:rf; =
€5 (uF) By jniOnk + €bijni()ef (uf) if es(uf) <0
Hard
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Asymptotic study (soft case)
Expansion of the strain tensor spheric at first order -

_ 133
bizjz = Kij

Constitutive equation in the adhesive ‘ %5 = K33[u°] if[ud]=0

) =0 <o

27/08/2025 CFM 2025 Metz
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Remark

Isotropy - [ug] > 0, 1'33 [ug] =0,

Due to expansion at second order (quasi)Signorini

(spheric + constitutive equation)

?
Where!? Wh

. How? -
Anisotropy ‘ Adhesion ? wn (S

(Curnier et al.) Why ? (Lebon-Rizzoni 2022)
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* Damage

27/08/2025

CFM 2025 Metz
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DAMAGE

Bonetti et al. 2017, Mailto et al., 2019, Raffa et al. 2021,2022,2023

27/08/2025 CFM 2025 Metz
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Asymptotic modeling of interfaces
How to introduce damage?

TIkN]

Soft Interface K¢ = ¢K

———— 40 /‘-/}.
B 55 - . ¥
0 * (,DI / failure point
+ = /z" o~
| Ry
N -
’ 1 f f AL[mm
< Cyclic experiments Orefice et al. 2016
\7//////
ges; = K[u] K =K(R)?
Spring model

Including UC oce3 = K|u| + s33e;
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology

Microcracks

Y

Kachanov, Sevastianov, Welemane, ...
K = K(R)

27/08/2025 CFM 2025 Metz
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology

#Fl

=i
>

Micromechanical
homogenization
and
asymptotic theory

/

Imperfect interface with evolutive damage R
[u] =0
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interphase)
Non

local

Free Energy 0<R<1

Threshold

W(e),R) = SK(R)e(u) : (1) + 0(R)+ 2| VRY 4o, (R

Elasticity with damage Ii(x)=0ifxeA

Iy(x) =+ if x ¢ A

Constitutive equation

O =V, u = K(R)e(u)

27/08/2025 CFM 2025 Metz 26



Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interphase)

Dissipation potential

Rate dependent
Irreversibility

0(R) = ——n(RR™ + 1 o (R)

Evolution law Difficulty: 2 subdifferentials

0 € dljo11(R) + 8lj0, 100 (R) + = Kp(R)e(u): (1) + wz(R) +a A,R + 1 (R)R™

NRIR" = ~(0R(R) + K g(R)e(u)e(u) + abyR) : R(0) = Ro



Asymptotic modeling of interfaces
How to introduce damage?

ut ~ u’ + eu!
£

Proposed methodology (in the interface, asymptotic expansions) of ~ o+ ec!

Hard interface KE — K

e Zero-order interface law:

"] =0
0% is]] =0

¢ One-order interface law:
'] = (%) (0% —K%ul,) — ()
[[(71 iSH _ (_Kﬁau()ﬁ . KS(X(KSS)—I (Goig . KBSHOﬁ) )
! ! ,a

~((o35i3))
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (interface)

Hard interface KE — K

SK” 8K12 K13
KE— 8K12 8K22 K23

K13 K23
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interface, asymptotic expansions)

Soft interface KE — SK

27/08/2025 CFM 2025 Metz
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (interface)

Soft interface KS — SK

27/08/2025 CFM 2025 Metz 31



Numerical example (Hard, n=1, p=1)

F ——— Experimental
(Murakami et al.,
Int J Adh Adhes 2016)
- --- Models
100}
KS
80 Ko
WG
7—,@\\ _____ __7
60 A -
— \ v
< m——————— T
E e = o — — e — ] - -
L
40
. Quasi—static
20 . High—rate
: 0 E
stress-based (Kachanov-Sevostianov, KS) & 10 20 30 40
and strain-based (Welemane-Goidescu, v (%)
WG). KO Raffa M. L. et al., Technologies, 2021
K=—— K=(1-CR Rizzoni R. et al., KEM, 2022
1+ CR ( )
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PARTIAL CONCLUSION

Cracks,rou-
ghness, ‘
damage, ...

Adapted Numerical -
Implementation

27/08/2025 CFM 2025 Metz

Material
Constitutive equations,
Kinematics

Adapted Asymptotic
Expansions

3

Interface Law
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e Stochastics
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CFM 2025 Metz
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Stiffness

Stochastics

CFM 2025 Metz

Thickness

Threshold, viscosity, etc.
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Stochastics

1t Integral

We define a partition O=to<ti<--<tk=T of [0, T]

. k—1
We define Zi:O hti (Bfi+1 — Bti) B is Brownian motion and h is
a stochastic process

fT h dB is the root mean square limit when the
0 step of the partition tends to zero



Stochastics

1t integral

Two possibilities
In or out Indicator function ?

27/08/2025 CFM 2025 Metz 37
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Mathematical results (in the volume)

(ou R devient x)
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On an « Allen-Cahn » type problem with double constraints :

(X —alx + 0l 11(X) +Oljo.+00)(X) 3 k(x)+h in(0,T)xA,
4 x(t=0,x) = xo(x) wexel,
L Vx-n = 0 on (0, T) x OA.
Finding 0 < x < 1 satistying 2 subdifferentials = 1 subdifferential
Or(x - )= Bx+0los(x) > k(x)+h inQx(0,T)xA,
\ XY(w,t=0,x) = xo(x) we xel,
\ vx-n = 0 on 2 x (0, T) x OA.

m (Q,F,P) a probability space, AcRY d>1and T >0.

M a Lipschitz-continuous function with

m k:R — [0,+0c0| a Lipschitz-continuous function with k(0) = 0.

m h a random external force of damage belonging to L2(Q2 x (0, T) x A).
m X0 : 2 x A — R the initial condition, and xo € L2(Q; HY(N)).



Using Lagrange multipliers

Finding a pair (x,?) such that 0 < x <1, ¥ € g 17(x) and

[ 0(x- [ eCs)dW(s)) = Bx+w = k() +h in Qx(0,T) xA,
(P) 5 x(w, t=0,x) xo(x) wed, xeN,
\ Vx-n = 0 on Q2 x (0, T) x OA.

27/08/2025 CFM 2025 Metz 40



Definition of a solution

Any pair (x, 1) belonging to (L%T((O, T) xQ; L2(/\)))2 c (L2((0, T) x; L2(/\)))2 with
xel? ((0, T)xQHY(A)) n L2 (Q;4 (0, T; L2(N)))

Ot (x — [5 8(x(5))dW(s)) , Ax € L2(Q; L*(0, T; L2(N)))
is a solution to Problem (P) if a.ein (0, T) x A and P-a.s in Q,
0 < X < 1 and w € 8/[0,1] (X)

and if for all t € [0, T']

t

X(O)=xo+ [ (Ax(s) = 0(s) + k(x()) + h(s))ds + [ g(x(s)dW(s),

in L2(A) and P-a.s in €, where A denotes the Laplace operator on H(A)
associated with the formal Neumann boundary conditions.

Theorem @ [Bauzet-Bonetti-Bonfanti-Lebon-Vallet, Math. Meth. Appl. Sci., 2017]

There exists a unique pair (, ) solution of Problem (P).

27/08/2025 CFM 2025 Metz 41



Idea of the proof

Moreau-Yosida approximation

Intermediate problem ® [BBBLV17]

For a fixed € > 0, find . satisfying the following Problem (P,)

fé’t(xe—fo'g(xe(S))dW(S))—Axe+¢e(xe) = k(xe)+h inQx(0,T)xA,
Xe(w,x,t=0) = xo(x) weQ,xeN,
. Vxe-n = 0 on Q x (0, T) x HA.

27/08/2025 CFM 2025 Metz 42



Coupled problems (Bauzet et al. 2021)

( dr + Oy (X —[ hdw) —Ad = 0in (0,7)x D x €,
0
ald(x— | hdw)| - A = ¢in (0,T) x D x 1,
Additive (1.1) ( e fn )> . 0,7) '
Vxmn=Vidn = 0on(0,7)x 39D xQ,
\ x(0,.) =x0 and 9(0,.) =y,

( 09 + O (x — .J{:‘?(){)dw) —AY =

o !
Multiplicative ] & (EMx _f j‘é"[)()dw:l) —Ay =
(1.2) 0
Vyn=Vin =
L‘ ';{(I:}_| ) — Xﬂ ﬂﬂd

We assume the following assumptions:

Hy: h € N2(0, T, H'(D))'.

0in (0,7) x D x €2,

¢ in (0,7T) x D x 9,

0 on (0,T) x OD x €,
(U'.!) — 19{-]1

Hy: a =15+ a where I : R — R is the identity function and o : R — R is
a Lipschitz-continuous, coercive and non-decreasing function such that

a(0) = 0.
Hj: xo,Y9 € HY(D).

Hy: # : HY(D) — H'(D) is a Lipschitz-continuous mapping with Lipschitz

constant C » > 0.

27/08/2025 CFM 2025 Metz

43



Theorem 1.4. Under assumptions Hy to Hs, there exists a unique pair (1, x)
solution of System E) in the sense of Definition |1.1}

Theorem 1.6. Under Assumptions Ho to Hy, there exists a unique pair (1, x)
solution of Problem (|1.2) in the sense of Definition|1.2

Definition 1.1. Any pair of predictable processes (9, x) € (N2(0,T, H! (D)))2
such that o € L?(Q, H'(Q)) and d;(x — [; hdw) € L*(2 x Q), is a solution
of System if t-almost everywhere in (0,T), P-almost surely in €2, the
following variational formulations hold: for any v € H(D),

/@ﬁvdm—}—/ 55()(—]- hdw)vdx+f V.Vudr =0 (1.3)
D D 0 D

fD a(au(x - fo hdw) )vda + /D Vy.Vodz = fD Jvdz,  (14)

with x(0,.) = xo € HY(D) and 9¥(0,.) = Jp € HY(D).

Definition 1.2. Any pair of predictable processes (9, x) € (N2(0,7, H! (D)))2
such that ¥ € L2(Q, HY(Q)) and dy(x — [; #(x)dw) € L3(Q2 x Q), is a
solution of System if t-almost everywhere in (0,7"), P-almost surely in
€, the following variational formulations hold: for any v € H'(D),

/@ﬂvdm%—/ @t(x—]. ﬁi‘;(x)dw)vdx—l—/ Vi.Vvdr =0
D D 0 D

L&(@t(x—j;' jé"(x)dw))vd:t:%—]DVx.VUd:U:Lﬂvdx,

with x(0,.) = xo € HY(D) and 9(0,.) = ¥y € H'(D).
27/08/2025 CFM 2025 Metz



Additional results (humerical schema)

The considered mesh on A

Let 7 be an admissible finite-volume mesh of A c 2“ consisting of open, polygonal
and convex subsets K € T called control volumes such that A = [, K.

m VK, LeT,if K#Lthen KnL=gand KnLis either empty, or a common
vertex or an edge.

m 0 = K|L is the interface between two neighboring control volumes K,L e T,
called edge.

m To each K € T we associate a point xx € K, called center.

m For two neighboring control volumes K, L €T, xxx; L K|L.

27/08/2025 CFM 2025 Metz 45



8t(X€_]0'g(X€(S))dW(S))_AX6+¢€(X6) = k(o) +h inQx (0, T)xA

On a semi-implicit

scheme @ [Bauzet-Nabet-Vallet-Zimmermann|

K
<||(><

n+1

27/08/2025

Xek = ﬁ Jk xo(x) dx,

XZ,K)_ g(XeK)(Wn+1 W") +

VK e T

Z (Xe K Xe L
o=K|LeEmnEx YKIL

n+1 n+1 (n+1)At
KT R) = KIKOER) + 1K1 [ © 7 [ (s x)dxs.

N7 /2
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Well posedness of the scheme

For any ¢ >0, any n€{0,...,N -1} and any given F; -measurable random vector
(X" «)keT, there exists a unique JF ,,-measurable random vector (x"%¢)keT
satisfying the semi-implicit « ¢/TPFA » scheme.

Aim of the study @ [Bauzet-Nabet-Vallet-Zimmermann|

Proving that the sequence (X¢. 7 At)e7.At converges towards the unique solution of
Problem (P) as ¢, size(7) and At tend simultaneously to 0.

=) Prove the convergence of a semi-implicit « ¢/TPFA » scheme
towards the unique pair (x,%) satisfying 0 < x <1, ¥ € 9y 17(x) and

[ 0:(x- [ g0()aW(9)) - Bx+v = k(O +h inQx(0,T)xA,
(P)- x(w,t=0,x) = xo(x) we xel,
\ Vx-n = 0 on 2x (0, T)x0oN. .

27/08/2025 CFM 2025 Metz 47



What remains to be done

B_.=0
Ox dy 0z * 5
do,, 0oy, 02y

B =
ox T oy "o B0
do do,, 0o

xz z zz B. =0

ox "oy ‘oz ot

x Sinc?[k x] for x=5, 10, 20 and 50

0.5

0.0

Coupling with mechanics
Finite elements
Thickness tends to zero
Two subdifferentials
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Numerical procedure

dR + h(R)dW = f(t, R)dt

© The Euler-Maruyama method [KP92]
Rpt1 >~ Ry + f(tn, Rn)dt — h(Rn)dWy 41
© The Milstein method [M75]

1 /
Ri1 ™ Ry + f(tn, Rn)0t — h(Rn)dWnia + Sh(Ra)h (Rn) (AW, 1 — 6t)

27/08/2025 CFM 2025 Metz 49



Estimation of the Expectation
We estimate the Expectation using the Central Limit Theorem.

The Algorithm is the following

© Let X be a random variable, simulate (X1, ..., Xx) a sample drawn along the law
of X:
© Compute estimators of the expectation and the variance
1 j—
L | 2 o 2

© Then, un is an estimation of the expectation with an interval of confidence I, n
and a level of confidence a given by:

On On
Ia,N — [[/JN — Ca—F—, UN —|—Ca—:| )

VN VN

and for a = 95%, one has ¢, ~ 1.96.
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Example: non increasing

Roy1 = Ry + Max (05 f (b, B )8t = h(Rn)dWo1 )

Ryt~ Ru+Max (0; f(tn, Rn)0t—h(Ro)dWosn + %h(Rn)h’(Rn)(dw,,f+1 ~ 1))

27/08/2025

0.6 1

0.5 A1

0.4 1

0.3 A1

0.2 1

0.1 A

0.0 A1

—— Deterministic solution, B= 0.5
Euler-Maruyama Method, B =0.5
—-—- Milstein Method, B =0.5

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5

CFM 2025 Metz
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© = 0.06 Pa; n(R) =7 = 3.6-10° Pa.

e=10"%cm., L = lcm.:

°

°

@ Young's modulus of the adherent: E = 1Pa;

@ Young's modulus of the undamaged adhesive : Ey = 1Pa;
°

> S Normalized gravity: f = 1IN, External force: F(t) =1+ 0.1sin(¢)N.
€ Adhesive
g
A i
0.012 4 —— Deterministic solution, 8= 2.0
f Stochastic Solution, increasing
—— Stochastic Solution, non increasing
0.010 A
L Adherent
0.008 A
0.006 -
h 0.004 A
0.002 A
0.000 A
Y 0 2I <+ 6 8 10 12 14
F(t)
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p=p+ /0 h,(0)dB, n(p)p" = — (a,p(p) + %C,p(p)e(u)e(u) + bApp)H (5),

p(0) = py,

Two models 1
n(p)p" = - {a,p(p) + EC,p(p)e(u)e(u) + bApp} ,

p(0) = po,
) ((u)) ((us)) )
H(p)p" =—|ad,(p) + 3 C,(p) ((u5)) : ((u5)) + bAS p |H(P)

_ ([ 1] + e{C{Cus)y | | L] + e(((Cuy))
Thickness 2 0

1 () () ~
i =—{a@+5m| sy [ ed)y  |+bale
1]+ (i) | | uetl + e(cs, )y

Fubini Stochastic Theorem
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=== £g=3mm 2D
~== £=0.3mm 2D
=== £=0.003 mm 2D
+ interface

CFM 2025 Metz

[N, m™3]

[

on

1.0 &=

0.8 1

0.6 1

E(t) [Pa]

0.4+

0.2

lel2

e h=0
—-=- h=0.0001
=== h=10.0005
=== h=0.001
=== h=0.002

1.64

1.4+

1.2 1

1.04

0.8

—— £=3mm 1D

+  £=3mm 2D

—— £=0.3mm 1D
¢« e=03mm 2D
£=0.03 mm 1D
v E=0.03 mm 2D
£=0.003 mm 1D
¢+ e=0.003 mm 2D
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Conclusion

* A lot of phenomenological/asymptotic models
* Damage + unilateral conditions
* Numerical implementation

* Elasto(plastic)-statics plane/curved soft/stiff interfaces, temperature
+ dynamics + finite strain + smooth roughness + visco elasticity + ...

In progress

* A lot of conjectures
* Experiments: ageing
* Non local p-laplacian
* Stochastics
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Merci pour votre attention |
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