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Evolution stochastique d'un endommagement de type Barenblatt : 

quelques résultats théoriques et numériques.
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Bonding problem

Bonding of secondary structures
(berthing structures, external
ladders, internal suspended
platforms, …)

Ultimate strengh
Damage
Ageing

Development of experimental tools

DIC X ray
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Sikadur 30 distilled water
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Loctite
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An evidence: small thickness
(and a small parameter)
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At least 2 possibilities

- Adapted numerical methods

- « Simplified » models
Imperfect Interface: Jumps
- In the displacements
- and/or In the stress vector



(At least) two families of simplified models

• Phenomenological

• Deductive (micromechanics)
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Behavior, cracks, roughness, couplings, 
temperature,etc.
At local scale

Macro scale
Micro scale

Thin Layers (Soft ?)

At least one small parameter
(multiscale) : thickness
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A methodology for interfaces modelling



Proposed general methodology
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f(,S,P, e, E, …)=0
f0(n,Sn,Pn, [u],…)=0

How best to preserve the 
mechanical characteristics of the interphase?

INTERPHASE INTERFACE
Asymptotic theory
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1st Various kinds of interfaces (a tentative 
of classification)

• Importance of the ratios

adhesive/substrates stiffnesses versus thickness p

- p = 1 Soft (Epoxy/Steel)

- p = 0 Hard/stiff (Araldite/Plexiglass)

- p = -1 Rigid (Welding)
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Caillerie 1980





2nd Convergence results in energy (elastostatics)
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Soft interface (Licht-Michaille 96&97, PhD Zaittouni)

ത𝑏 = 𝑙𝑖𝑚 𝑎𝑚/𝜀𝑞−1

am ~ e(u)q

Hard interface (Lebon-Rizzoni 2010)

Generalized spring/Imperfect interface

Perfect interface

Imperfect Interface

[𝑢1] given by order 0

[𝜎1] given by order 0

Non local model (tangential derivatives)

In addition (formal) Formal equivalence between the soft interface law and the hard 
interface law

(using -convergence)

(interphase energy density)
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3rd Recall « FORMAL » ASYMPTOTIC EXPANSIONS

27/08/2025

Sanchez-Palencia, Ciarlet, …

Expansion
Rescaling
Analysis

Matching
Model

In the following, n = e3



CFM 2025 Metz 17

4th UNILATERAL CONTACT

Bonetti et al. 2017, Lebon et al. 2022
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Two regimes (piecewise material)

Thickness 

Soft

Hard

Mielke et al., 2012

2 regimes

- Traction soft material

- Compression hard material

𝐾𝜀 = 𝜀𝐾

𝐾𝜀 = 𝐾
(in fact not necessary for shear)

(Spheric)

K: b or B



Asymptotic study (soft case)
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Expansion of the strain tensor spheric at first order

Constitutive equation in the adhesive

𝜎0𝑒3 = ഥ𝐾 𝑢0 + 𝜏33
0 𝑒3

𝑢3,3
0 [𝑢3

0]

𝜎0𝑒3 = 𝐾33 𝑢0 if [𝑢3
0] ≥ 0

[𝑢3
0] = 0    if [𝑢3

0] ≤ 0

𝑏𝑖3𝑗3 = 𝐾𝑖𝑗
33
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Isotropy

Anisotropy Adhesion ?

Why ? (Lebon-Rizzoni 2022)

Remark

(quasi)SignoriniDue to expansion at second order

(spheric + constitutive equation)

(Curnier et al.)
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DAMAGE

Bonetti et al. 2017, Mailto et al., 2019, Raffa et al. 2021,2022,2023
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Asymptotic modeling of interfaces
How to introduce damage?
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Soft Interface

𝜎𝑒3 = ഥ𝐾[𝑢]

𝐾𝜀 = 𝜀𝐾

Spring model

𝜎𝑒3 = ഥ𝐾[𝑢] + 𝑠33𝑒3Including UC

Cyclic experiments Orefice et al. 2016

K = K(R) ?



Asymptotic modeling of interfaces
How to introduce damage?
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Adherent 1

Adherent 2

Microcracks
ε

Adhesive

Proposed methodology

Kachanov, Sevastianov, Welemane, …

K = K(R)
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Adherent 1

Adherent 2

Imperfect interfaceMicromechanical 
homogenization 

and 
asymptotic theory

Imperfect interface with evolutive damage 

𝐮 ≠ 0

ሶ𝑅

F1

F2

Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interphase)

Free Energy

Elasticity with damage

Threshold

Non 
local

0 ≤ 𝑅 ≤ 1

Constitutive equation
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interphase)

Dissipation potential

Evolution law

Irreversibility
Rate dependent

Difficulty: 2 subdifferentials

0 ∈ 𝜕𝐼[0,1](𝑅) + 𝜕𝐼[𝑂,+∞]( ሶ𝑅) +
1

2
𝐾,𝑅 𝑅 𝑒 𝑢 : 𝑒(𝑢) + 𝜔,𝑅 𝑅 +𝛼 ∆𝑝𝑅 + 𝜂(𝑅) ሶ𝑅𝑛
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interface, asymptotic expansions)

Hard interface
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (interface)

Hard interface
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interface, asymptotic expansions)

Soft interface
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (interface)

Soft interface



Numerical example (Hard, n=1, p=1)
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Raffa M. L. et al., Technologies, 2021
Rizzoni R. et al., KEM, 2022

Experimental
(Murakami et al., 
Int J Adh Adhes 2016)

Models

WG
KS

stress-based (Kachanov-Sevostianov, KS) 
and strain-based (Welemane-Goidescu, 
WG). 

𝐾 =
𝐾0

1 + 𝐶𝑅
𝐾 = (1 − 𝐶𝑅)



PARTIAL CONCLUSION
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Material
Constitutive equations, 

Kinematics

Cracks,rou-
ghness, 

damage, …

Adapted Asymptotic
Expansions

Adapted Numerical
Implementation

Interface Law
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Stochastics
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Lengths and orientation of cracks
Thickness

Stiffness

Threshold, viscosity, etc.



Stochastics
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Itô Integral

is the root mean square limit when the 
step of the partition tends to zero 

0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑘 = 𝑇 of [0, 𝑇]

𝐵 is Brownian motion and ℎ is 
a stochastic process

We define a partition

We define



Stochastics
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Ito Integral t (𝑅 − 0׬
𝑡
ℎ 𝑅 𝑑𝑊)t 𝑅

Two possibilities

Itô integral

In or out Indicator function ?
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Mathematical results (in the volume)

(où R devient χ)
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2 subdifferentials→ 1 subdifferential
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Idea of the proof
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Coupled problems (Bauzet et al. 2021)

Additive (1.1)

Multiplicative
(1.2)



27/08/2025 CFM 2025 Metz 44



27/08/2025 CFM 2025 Metz 45

Additional results (numerical schema)
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- Coupling with mechanics
- Finite elements
- Thickness tends to zero
- Two subdifferentials

What remains to be done
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Numerical procedure



27/08/2025 CFM 2025 Metz 50



27/08/2025 CFM 2025 Metz 51

Example: non increasing

 = n
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Thickness→ 0

Fubini Stochastic Theorem

Two models
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time time

time



Conclusion

• A lot of phenomenological/asymptotic models

• Damage + unilateral conditions

• Numerical implementation

• Elasto(plastic)-statics plane/curved soft/stiff interfaces, temperature
+ dynamics + finite strain + smooth roughness + visco elasticity + …

In progress

• A lot of conjectures

• Experiments: ageing

• Non local p-laplacian

• Stochastics
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Merci pour votre attention !
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