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Keyword: damage in
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Bondingproblem
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Anevidence smallthickness
(and asmallparametel)
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At least 2possibilities

- Adaptedhumericalmethods

- « Simplified » models
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Imperfectinterface Jumps
- In thedisplacements
- and/or In the stresyector
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(At leastiwo familiesof simplifiedmodels
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A methodology for interfaces modelling
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Proposedyeneralmethodology

INTERPHASE INTERFACE

Asymptotictheory

. interface
interphase

0 ¢ )
fs,SE &> 93 Xol fenSEty2 wd

How best to preserve the
mechanical characteristics of the interphas
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1stVariouskindsof interfaces (a tentative
of classification)

Almportance of theratios
adhesivésubstratesstiffnessessersusthickness?

- p = 1 Soft (Epoxgtee)
- p = 0 Haragtiff (Araldite/Plexiglass)
- p =-1 Rigid(Welding

Caillerie1980
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\J"‘, v 2nd Convergenceesultsin energy(elastostaticy

I Soft interfaceLichtMichaille96&97, PhZaittouni (usingG-convergence)

m — —_
I am ~ e(u) on = b([u] ®s n)n
(interphaseenergydensity) N
w o Qb F-

Hard interfacgLebonRizzonk010)
I [u°]1=0, [¢°n] =0

0 givenbyorder0

ué —u° ,
g~ inlA(@) (weak) . givenbyorder0
e __ ~0
: P T~ ¢! inD/(Q) (weak). Imperfectinterface
(tangentialderivativeg

In addition {ormal) Formalequivalence between the soft interface law and the hard
interface law
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STEPS
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Expansion
Rescaling
Analysis
Matching

Model

In thefollowing, n = q
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4th UNILATERAL CONTACT

Bonettiet al. 2017, Lebon et al. 2022
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gap

contact
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Tworegimes(piecewisematerial) Mielkeet al., 2012

Thicknes® 2 regimes

- Traction softmaterial U -0

if ¢'(u?)>0  (Spherid

- Compression harthaterial

K-eborB (infactnot necessaryor sheal

Soft if *(u®) <0

( ebijni(l)enk(u®) if e*(u®) > 0

| e*(u®) B jnkOnk + ebijni(Def (us) if ef(uf) <0

Hard
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Asymptoticstudy(soft case)

Expansion of thetraintensorsphericat firstorder ‘ 0 i ‘ 0 ]

w U

Constitutiveequationin the adhesive ‘ ,Q 0 [o] f6] O
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Remark

sovopy N | 120, nd1=0|[< <0

Due to expansion at secormader (quasipignorini
(spherict+ constitutiveequation)

h
Anisotropy ‘ Adhesior? o

(Curnier et al.) Why? (LeborRizzonR022
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ADamage
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DAMAGE

Bonettiet al. 2017, Mailto et al., 201Raffaet al. 2021,2022,2023
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Asymptotionodeling of interfaces
How tointroducedamage”?

Soft Interface 0 -0 e
e . 7
g ™ : e —
O \ e f{’f ‘...-/( failure ppint
| J i 4
\ Lg 17
Q.
CyclicexperimentsOreficeet al. 2016
o
” Q 0 é K= |QR) ?
Spring model

InCIUdIngUC ” 'Q 0 é iO'O'!g%-
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Asymptotionodeling of interfaces
How tointroducedamage”?

Proposed methodology

Microcracks

KachanoySevastiangwelemang X

Y
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology

# Ry

F

Micromechanical
homogenization

and
asymptotic theory

/

)

Imperfect interface with evolutive damage Y J

] m
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interphase)
Non

local
Threshold oY p

——l—

Free Energy

|

(e(u).R) = 5K (R)e(u) : e(u) +@(R) +[VR[” 410, (R)

Elasticitywith damage Ii(x)=0ifxeA

Iy(x) =+ if x ¢ A

Constitutiveequation

O =V, u = K(R)e(u)
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (in the interphase)

Dissipatiormpotential

Ratedependent
Irreversibility
. 1 et 1 .
O(R) = ——n(R)R"™ + 1ol (R)

Evolutionlaw  Difficulty. 2 subdifferentials

MNTOR Y TO0r Y -0s(MAOIR6 1 (M | Y'Y =YY

1

N(R)R" = —(@r(R) + K r(R)e(u)e(u) + aApR) —; R(0) =

2

Ry



Asymptotic modeling of interfaces
How to introduce damage?

ut ~ u’ + eu!
£

Proposed methodology (in the interface, asymptotic expansions) ~ o 1!

Hard interface KE — K

e Zero-order interface law:

[’ =0
[6%13]] =0

* One-order interface law:
'] = (%) (0% — K®ul,) — ((u?))
o) is]] = (— KPoul, — KP4 (KP) ! (00i3 _ Kﬁ3uf’ﬁ) ),a

~((o35i3))
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Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (interface)

Hard interface KE — K

1

SK” 8K12 K13
K£ B 8K12 8K22 K23
K13 K23 _K33
E
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Asymptotic modeling of interfaces
How to introduce damage?

E
u =<u

ct~oc

Proposed methodology (in the interface, asymntotic expansions)

Softinterface [K¢ — ¢K

27/08/2025 CFM 2025 Metz

0
0

30



Asymptotic modeling of interfaces
How to introduce damage?

Proposed methodology (interface)

Soft interface KS — K

27/08/2025 CFM 2025 Metz 31



Numericakexample(Hard, n=1, p=1)

—— Experimental
(Murakamiet al.,

Int JAdhAdhes2016
- --- Models
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PARTIAL CONCLUSION

Material
Constitutiveequations
Kinematics

Cracks,rou
ghness

4

AdaptedAsymptotic
Expansions

3

AdaptedNumerical
: - Interface Law
Implementation
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AStochastics
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Stiffness

Stochastics

Thickness

Thresholdviscosity etc.
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Stochastics

1t0 Integral

We definea partition 0 =<t <E <d="Yof [0,"Y

: k—1
We define Zizo hti (Btl.Jrl — Bti) & is Brownian motion aniis
a stochastic process

fT h.dB IS the root mean square limit when the
o 't L step of the partition tends to zero



Stochastics

lto Integral MY ‘ k(Y . IYQw

1 ,

¢(R) = n—l—ln( + 10, 400

Itd integral

Twopossibilities
In or out Indicatorfunction ?
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On an « Allen-Cahn » type problem with double constraints :

[ X —alAx +0lo,11(X) + Oljo sy (X) 3 k(x)+h in (0, T)xA,
4 x(t=0,x) = xo(x) wexel,
L Vx-n = 0 on (0, T) x OA.

Finding 0 < x <1 satistying 2 subdifferentialsp 1 subdifferential

- 0e(x - )~ Ax+0hon(x) > k() +h nQx(0,T)xA,
{ X(w,tZO,X) = XO(X) w € ), x e,
\ Vx-n = 0 on Q2 x (0, T) x OA.

m (Q,F,P) a probability space, AcRY d>1and T >0.

M a Lipschitz-continuous function with

m k:R — [0,+0c0| a Lipschitz-continuous function with k(0) = 0.

m h a random external force of damage belonging to L2(Q2 x (0, T) x A).
m X0 : 2 x A — R the initial condition, and xo € L2(Q; HY(N)).



Using Lagrange multipliers

Finding a pair (x,?) such that 0 < x <1, ¥ € g 17(x) and

[ 0(x- [ eCs)dW(s)) = Bx+w = k() +h in Qx(0,T) xA,
(P) 5 X(w,t=0,x) = xo(x) wed,xel,
\ Vx-n = 0 on Q2 x (0, T) x OA.
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Definition of a solution

Any pair (x, 1) belonging to (L%T((O, T) xQ; L2(/\)))2 c (L2((0, T) x; L2(/\)))2 with
xel? ((0, T)xQHY(A)) n L2 (Q;4 (0, T; L2(N)))

Ot (x — [5 8(x(5))dW(s)) , Ax € L2(Q; L*(0, T; L2(N)))
is a solution to Problem (P) if a.ein (0, T) x A and P-a.s in Q,
0 < X < 1 and w € 8/[0,1] (X)

and if for all t € [0, T']

t

X(O)=xo+ [ (Ax(s) = 0(s) + k(x()) + h(s))ds + [ g(x(s)dW(s),

in L2(A) and P-a.s in €, where A denotes the Laplace operator on H(A)
associated with the formal Neumann boundary conditions.

Theorem @ [Bauzet-Bonetti-Bonfanti-Lebon-Vallet, Math. Meth. Appl. Sci., 2017]

There exists a unique pair (, ) solution of Problem (P).

27/08/2025 CFM 2025 Metz 41



Ideaof the proof

Moreau-Yosida approximation

Intermediate problem ® [BBBLV17]

For a fixed € > 0, find . satisfying the following Problem (P,)

fé’t(xe—fo'g(xe(S))dW(S))—Axe+¢e(xe) = k(xe)+h inQx(0,T)xA,
Xe(w,x,t=0) = xo(x) weQ,xeN,
. Vxe-n = 0 on Q x (0, T) x HA.
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Coupledproblems(Bauzetet al. 2021)

( O + O (X — /.hdw) —Ad = 0in (0,7)x D x €,
0
ald(x— | hdw)| - A = ¥in (0,T) x D x Q,
Additive (1.1) ) ( (X fn )) * 0.7) |
Vxn=Vidn = 0on(0,7)x0D x €,
\ x(0,.) =x0 and 9(0,.) =y,

( 09 + O (x — .J{:‘?(){)dw) —AY =

0in (0,7) x D x €2,

o 0
(I\guét)lpllcatlve { @ (8t(X —/ j‘é"(x)dw)) ~Ay = 9in(0,T)x D x Q,
' 0
Vxn=Vdn = O0on(0,T)xdD xQ,
. X([}" ) = Xo E:'l_I].d 19(0., ) = ‘19.[].,

We assume the following assumptions:

Hy: h € N2(0, T, H'(D))'.

Hy: a =15+ a where I : R — R is the identity function and o : R — R is
a Lipschitz-continuous, coercive and non-decreasing function such that

a(0) = 0.
Hj: xo,Y9 € HY(D).

Hy: # : HY(D) — H'(D) is a Lipschitz-continuous mapping with Lipschitz

constant C » > 0.

27/08/2025 CFM 2025 Metz
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Theorem 1.4. Under assumptions Hy to Hs, there exists a unique pair (1, x)
solution of System E) in the sense of Definition |1.1}

Theorem 1.6. Under Assumptions Ho to Hy, there exists a unique pair (1, x)
solution of Problem (|1.2) in the sense of Definition|1.2

Definition 1.1. Any pair of predictable processes (9, x) € (N2(0,T, H! (D)))2
such that o € L?(Q, H'(Q)) and d;(x — [; hdw) € L*(2 x Q), is a solution
of System if t-almost everywhere in (0,T), P-almost surely in €2, the
following variational formulations hold: for any v € H(D),

/@ﬁvdm—}—/ 55()(—]- hdw)vdx+f V.Vudr =0 (1.3)
D D 0 D

fD a(au(x - fo hdw) )vda + /D Vy.Vodz = fD Jvdz,  (14)

with x(0,.) = xo € HY(D) and 9¥(0,.) = Jp € HY(D).

Definition 1.2. Any pair of predictable processes (9, x) € (N2(0,7, H! (D)))2
such that ¥ € L2(Q, HY(Q)) and dy(x — [; #(x)dw) € L3(Q2 x Q), is a
solution of System if t-almost everywhere in (0,7"), P-almost surely in
€, the following variational formulations hold: for any v € H'(D),

/@ﬂvdm%—/ @t(x—]. ﬁi‘;(x)dw)vdx—l—/ Vi.Vvdr =0
D D 0 D

L&(@t(x—j;' jé"(x)dw))vd:t:%—]DVx.VUd:U:Lﬂvdx,

with x(0,.) = xo € HY(D) and 9(0,.) = ¥y € H'(D).
27/08/2025 CFM 2025 Metz



Additionalresults(numericalschema

The considered mesh on A

Let 7 be an admissible finite-volume mesh of A c 2“ consisting of open, polygonal
and convex subsets K € T called control volumes such that A = [, K.

m VK, LeT,if K#Lthen KnL=gand KnLis either empty, or a common
vertex or an edge.

m 0 = K|L is the interface between two neighboring control volumes K,L e T,
called edge.

m To each K € T we associate a point xx € K, called center.

m For two neighboring control volumes K, L €T, xxx; L K|L.
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8t(X€_]0'g(X€(S))dW(S))_AX6+¢€(X6) = k(o) +h inQx (0, T)xA

On a semi-implicit

scheme @ [Bauzet-Nabet-Vallet-Zimmermann|

K
<||(><

n+1

27/08/2025

Xek = ﬁ Jk xo(x) dx,

XZ,K)_ g(XeK)(Wn+1 W") +

VK e T

Z (Xe K Xe L
o=K|LeEmnEx YKIL

n+1 n+1 (n+1)At
KT R) = KIKOER) + 1K1 [ © 7 [ (s x)dxs.

N7 /2
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Well posedness of the scheme

For any ¢ >0, any n€{0,...,N -1} and any given F; -measurable random vector
(X" «)keT, there exists a unique JF ,,-measurable random vector (x"%¢)keT
satisfying the semi-implicit « ¢/TPFA » scheme.

Aim of the study @ [Bauzet-Nabet-Vallet-Zimmermann|

Proving that the sequence (X¢. 7 At)e7.At converges towards the unique solution of
Problem (P) as ¢, size(7) and At tend simultaneously to 0.

=) Prove the convergence of a semi-implicit « ¢/TPFA » scheme
towards the unique pair (x,%) satisfying 0 < x <1, ¥ € 9y 17(x) and

[ 0:(x- [ g0()aW(9)) - Bx+v = k(O +h inQx(0,T)xA,
(P)- x(w,t=0,x) = xo(x) we xel,
\ Vx-n = 0 on 2x (0, T)x0oN. .

27/08/2025 CFM 2025 Metz 47



Whatremainsto bedone

do,, 0oy, 02y
B =
ox T oy "o B0
do do, do
xz z zz B.=0
ax "oy "oz T

x Sinc?[k x] for x=5, 10, 20 and 50

0.5

0.0

Couplingwith mechanics
Finiteelements
Thicknessends tozero
Twosubdifferentials
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Numericalprocedure

dR + h(R)dW = f(t, R)dt

© The Euler-Maruyama method [KP92]
Rpt1 >~ Ry + f(tn, Rn)dt — h(Rn)dWy 41
© The Milstein method [M75]

1 /
Ri1 ™ Ry + f(tn, Rn)0t — h(Rn)dWnia + Sh(Ra)h (Rn) (AW, 1 — 6t)
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Estimation of the Expectation
We estimate the Expectation using the Central Limit Theorem.

The Algorithm is the following

© Let X be a random variable, simulate (X1, ..., Xx) a sample drawn along the law
of X:
© Compute estimators of the expectation and the variance
1 j—
L | 2 o 2

© Then, un is an estimation of the expectation with an interval of confidence I, n
and a level of confidence a given by:

On On
Ia,N — [[/JN — Ca—F—, UN —|—Ca—:| )

VN VN

and for a = 95%, one has ¢, ~ 1.96.
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Example: nomncreasing
Rni1 o~ R+ Max(o; F(tn, Rn)dt — h(Rn)deH)

Ryt~ Ru+Max (0; f(tn, Rn)0t—h(Ro)dWosn + %h(Rn)h’(Rn)(dw,,f+1 ~ 1))

0.6 1 —1 .
—— Deterministic solution, = 0.5 |
Euler-Maruyama Method, B =0.5 ;
0.5 1 —— Milstein Method, 8 =0.5 ,-j
/
0.4 A
0.3 4
b=n 0.2
0.1 A
0.0 A
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

27/08/2025
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© = 0.06 Pa; n(R) =7 = 3.6-10° Pa.

e=10"%cm., L = lcm.:

°

°

@ Young's modulus of the adherent: E = 1Pa;

@ Young's modulus of the undamaged adhesive : Ey = 1Pa;
°

> S Normalized gravity: f = 1IN, External force: F(t) =1+ 0.1sin(¢)N.
€ Adhesive
g
A i
0.012 4 —— Deterministic solution, 8= 2.0
f Stochastic Solution, increasing
—— Stochastic Solution, non increasing
0.010 A
L Adherent
0.008 A
0.006 -
h 0.004 A
0.002 A
0.000 A
Y 0 2I <+ 6 8 10 12 14
F(t)
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Twomodels

Thicknes#\, O

FubiniStochasticTheorem
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