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Part |

Elements of a coordinate-free
differential geometry theory



* With no loss of generality, a curved surface can be characterized as the
zero level-set of a scalar-value function g:

S={zecR’|g(z)=0} f
* Unit normal vector @
n(z) = Vy(z)
| Vg(z) || :

« Second-order projection tensors

N(x) = n(x) ® n(x),
T(x) =1-N(x),
Remark: The implicit desciption of a curved surface is strictly equivalent to

its usual parametrical description from the standpoint of differential
geometry owing to the implicit function theorem.



 Weingarten’s curvature tensor

(VaV)g

T
I Vg |

W=-Vn=-Vn -T=T-

* Average and Gaussian curvatures

H = tr(W)/2 = —(div, n) /2

K =det W




« Decomposition of the gradient of a scalar-valued function
Vo =VnNno+Vs;¢p, Vyo=NVp=(V,pom, V=TV,
« Decomposition of the gradient of a vector-valued function
Vg=Vng+ Vg VnNg=(VEN, Vig=(VgT
« Decomposition of the divergence of a vector-valued function
divg = divyg +divsg, divng=Vg:N, divsg=Vg:T.

« Hadamard’s relations for piecewise continuously differentiable scalar- and
vector-valued functions

Vop? -V =yn onS
Vg?®_VgD—aeon ons

« Important implications of Hadamard’s relations

ViV =Vi0® onS
Vg =V.g® onS§S



Part Il

Interfacial relations for coupled
multifield phenomena



A unified formulation for coupled linear multifield phenomena

To formulate single and coupled linear phenomena in 3D media in a unified
way, we consider r divergence-free vector fields and r curl-free vector fields:

div]a :Joci,i — O,

E,=Vw, or E,=w,;
The constitutive law reads

Jo=LygEp or [y = LyigiEp

The latter can be recast in the matrix form:



A unified formulation for coupled linear multifield phenomena - Il

J=L1E.

Here, J and E are two vectors of 3r components and L is a 3r x 3r matrix. They are specified by

], ] Ly, Lo - Ly rEq 7

) L L .- L E

J= j:(3 L= J:H ;32 : :3“' » E= :2
_er _Llr LZr erd _Er_

where an element L, ; of L is a 3 x 3 matrix. In what follows, the matrix L is assumed to invertible, so that
E=\]J

with Wl = L~'.



A unified formulation for coupled linear multifield phenomena - Il

As an example, we consider piezomagnetoelectricity

dij = Gt + I ijhy + Aggia,
d; = Ilye—D;ihi—Kjaj,
bi = Aiklak,—thj—Hl-jaj.

The unified formulation holds by defining

Ji=01, hi=02 Ji=03, Ja=di, Jsi=Db;
Eyi =Wyi, W=(U,lUUs,@ ),

(Gij1 Gipp Gujs Iin Ajin 7
L =[Lygl= | G3zin Gz Gz 1Lz Ajis

Ay Ay A —Kji  —Hj




Interfacial operators - |

With respect to a curved surface, we introduce the following projection operators

N(x) =n(x) ® n(x), (P )yigi = 0upNijs (P = 05Ty

T(x) = I—-N(x), P+ =1@N, P'=1QT

A 3D oriented smooth surface S with the unit normal vector n and tangent plane I" at x.

Remark: P~ and [P'can be viewed as an extension of the exterior and
Interior projection operators introduced by Hill (1972, 1983) for the
decomposition of a 3D second-rank tensor related to an interface.



Interfacial operators - Il

Matrix forms and properties of the introduced projection operators:

(P )yigi = 00pNijs  (P)yigi = 05T, (D) yigi = 0up0ij

‘N 0 01 T 0 0 5 0

0 o

bl |0 N 0| L_|oT 0| ,_ J
0 0 N | 0 0 T | 00

PrP-=P-, PP =P, PP =PP-=0, P+P'=1




Interfacial relations for a perfect interface - |

Assume that S is a perfect interface separating medium 1 and medium 2. Then,

1 2
wlls=ws,

PD)s =P

Applying Hadamard’s theorem to the first of the foregoing relations yields
IP'E“)|5 _ P”E(Z)ls

Remarks:

» The last two continuity relations mean that the normal part of the flux-like vector
and the tangential part of the gradient of the potentiel vector are continuous
across a perfect interface.

 However, in general, both the tangential part of the flux-like vector and the
normal part of the gradient of the potentiel vector are discontinuous across a
perfect interface.



Interfacial relations for a perfect interface - |l

One of the most important problems in mechanics of interfaces is the
determination of the entire flux-like vector and potentiel gradient at one side of a
perfect interface in terms of the normal part of the flux-like vector and the
tangential part of the gradient of the potentiel vector. The solution to this problem
IS provided by

E(l)‘S _ A(U](z)‘s_'_M(])B(1)E(2)|S,

1 1 2 1 1) g2
]( )|S:B( )E( )|S_|_|]_( )A( )]( )|S’

with

(A),ipi = GypNjj or A =GN
Q.ocﬁ = LocﬁN = Laiﬁjn,-nj G= Q_l

AP 1LPH = (PTLPHA =P, AP =PrA=A

B([I:DH MU:DH) _ (U:DH MU:DH)B _ [I:DH, [EBU:DH _ [I:DH B—R



Interfacial relations for a perfect interface - lll

Some additional relations:

(P LP )5 = QN or PTLPT=Q®N

LA+BM =AL+MB = [ B=01-LAL

Remarks:

(1) The foregoing results about perfect interfaces can be viewed as extending the
relevant elastic ones of Hill (1972, 1983), Laws (1977) and Walpole (1978,
1981) to the general case where a finite number of single or coupled linear
phenomena are involved. For more detalils, please refer to

Gu S.-T., He Q.-C., Journal of the Mechanics and Physics of Solids 59,
1413-1426, 2011.

« The extended results are expected to be useful in dealing with a variety of
mechanical and physical problems. In particular, we below show that they can
be applied directly in deriving imperfect interface models and shell models.



Part |l

Derivation of imperfect interface models
for coupled multifield phenomena



Modelling of a curved thin interphase as an imperfect interface - |

Medium (2)

Medium (2) n 5

~
~

Medium (0) - S —— >

Medium (1) So

S1 S

Medium (1)
(a) Three-phase configuration

(b) Two-phase configuration

Basic idea: the interphase made of phase 0 is replaced by an imperfect interface
located at S, whose properties are such that the relevant field jumps across the
interphase bounded by surfaces S; and S, in the three-phase configuration (a)
are, to within an error of order 0(h?), equal to the corresponding field jumps
across the zone bounded by the surfaces S, and S, in the two-phase
configuration (b).



Modelling of a curved thin interphase as an imperfect interface - Il

Using Taylor’s expansion, Hadamard’s relation and the previous results
obtained for a perfect interface, we can derive the following general
jump relations for the imperfect interface in the two-phase configuration:

[w]= g[(ﬂ{m—,ﬁl@ﬂ(ﬂ+(M(O)[B(O]—M(2] B(ll)E(H]n_'_ g[(ﬂ(ﬂl—ﬂ.(“)}(_]+(M(mB(m—M(“[B(“)E(_]]H+0(h2)

U” | — %dh;s[(ﬂ_[m;_?{l[m ﬂ_[U]ﬁ:{;[U]H[+J + (ﬂ_[llﬁt[ll D_[UJ&[UJH[—]] + %dfl’g[([ﬁ[z] [E[U])E(+J { “D’i[“ [E[UJ)E[_]] { 0(“2)

Q(Q}

Remark: These two relations include as special cases the imperfect interface
models derived, for example, by Sanchez-Palencia (1970), Gurtin-Murdoch
(1972), Hashin (1992, 2002), Bovik (1994) and Benveniste (2006).




Particularization of the general model to transport phenomena — |

General outline of the composite material under investigation

For a transport phenomenon (thermal conduction, diffusion, ...) in an

isotropic multi-phase composite, the general imperfect interface model
reduces to

, h 1 1 (— 1 1 (4 )
lli=3 Kw - A-(O)) a) + (A-(M) - W) z )} +0(h%),

Tgnll = = {(k(o) _ A,(i)) A7)+ (;l.(o) _ ;L.(M)) AS;;H)} +0(h?)




Particularization of the general model to transport phenomena -

which can be shown to be equivalent to the simple and compact form:

b1 2
4 —

h _ B
HM%Zgﬂ)m0y+Wm% 0 TR0 T R0

. p() — 9p(0) _ p(3) _ p.(M)
an]li = §b(i)As ()i F O] o], = o+) —ol=) (o), = (¢(*) 4 o())/2

In the context of thermal conduction, this general isotropic model includes
as special cases:.

(i) Kapitza’s thermal resistance model
h
el = 0] (qn); + 0(R)

[[QnH’i — O(h)
(i) Highly conducting model

gnl]i = hk(O)AS (p); +0(h)




Boundary value problem of a particulate composite : strong formulation

General outline of the composite material under investigation

Field equations: Interfacial relations Boundary conditions
) — h

divg” = 0 (el = 50 (@) - 0. — 5 on o,

g = —EOv0 L qn = q, on dfl,

lgnli = 56 As (9); +0(h%)



Boundary value problem of a particulate composite : weak formulation

= — / n0pds.
a0,

. h i : . 2 1 )
. ( . ( 71 J— ( ) s . { = S - 1t . e . o
/ kVo -V (0p) dv + 5 ;:1 /J bV () - Vs (0p); ds h, E ]r o LPllsllow]]sds

General outline of the composite material under investigation

Remark: the weak form contains
one term relatated to the interfacial
jump of the prime variable and
another term relative to the
interfacial average of the dual
variable.




Boundary value problem of a particulate composite : discretization

Level-set description of an interface and its discretization:

I = {x e R?¢(x) = 0} o' (x) = ZN (x)¢
s=1

- YO0 RN
)= RarGon M V00 =2, e

Extended finite element method (XFEM) approximation of the prime variable:

Nnd mMand mMyd

Z N (%) s + Z N, (x)xp(X)P, + Y Np(x)1,(x)3,

Xp(x) = sign(¢(x)) — sign(¢p)

ZN m—»zw




Geometrical interpretation of the enrichment functions and integration
procedure for an element intercepted by an interface

1D interpretation of the enrichement functions

Imperfect interface Imperfect interface Imperfect in‘ferface
1 1
} 1 1
: XI(I) I
l I
| ﬁ
[ = )
1 5 1 5 1 L)
1 1 1 n
Yo (x) : ' —
————————— = 1 > 1
— | _
(a) Enrichment function xp(z) (b) Enrichment function 1, () (c) Enriched shape function aq’i’éf)

Bulk integration points

= [nterface integration points

Sudivision of an intercepted element,
bulk and interfacial integrations General thermal




Boundary value problem of a particulate composite : discrete equations

Final system of linear equations:

MNem

K = Z/ BTK"B dQ°

K, = / b(ﬂ)BTT( B, — %a( INEN/dse

313

F = — N'g, ds
o8,

Remark: we retrieve as special cases the relsults for the Kapitza and HC
models by taking appropriate values for a(j) and b(j).



Benchmark problem: comparison between
the numerical and analytical results
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Figure 9. Comparison of the theoretical and predicted results along z axis with x=0, y=0 of the spherical
benchmark for different surface conductivities.



Benchmark problem: convergence analysis

Error funnction:

_H el oPAV + 3 el ~ e
& S PV + & [ [lg]2ds

(a) O Slope=1.46,k"=10’ (b)

102 Slope=2.12, k=10’ 1.0
| % Slope=1.99, ¥”=10"
> Slope=1.64, k=107
Slope=1.45, kK"=10°,

o Slope=1.51, £”=10°
& SIOpCZ].??,ka=103

" % Slope=1.65, k=10’
=
T

Slope=1.48, k"=10"
Slope=1.52, k”=10°, _

-2.0

-2.5

Error indicator log, (e)
Error indicator log (e)




Part IV

Derivation of plate and shell models
for coupled multifield phenomena



Derivation of shell models from a 3D thin solid

(a) 3D curved thin solid (b) Curved median surface

Basic idea: A 3D thin solid of uniform thickness h in the configuration (a) is
replaced by its median surface S, in the configuration (b), endowed with the
properties such that the energy stored in the former is, to within an error of
order 0(h%), equal to the one stored in the latter.

Key to establishing a shell model: express every quantity defined in the 3D
thin solid in terms of appropriate quantities defined on S,



Elements of a coordinate-free differential geometry theory -

« Upper and lower surfaces

: /
StT={zecR’|z==x+ —Ln(mo), oy € So}

2
ST={zcR’|z==x— %n(mo), o € So}
* A generic surface
S={yeR’|y=um0+sn(xg), xo < S0, —g<q<g}

 Normal gradient of the unit normal vector

V,n=Vn-n=20




Taylor’s expansions - |

» Taylor’s expansion of the generalized displacement vector

2 3
Ny S
w (m) = 'LU|;130 _|_gvrrbw|m0 _|_ §v31w|m0 —|_ §Viw|m0 —|— o s

with
s=(x—xo) -n Ve=mn

V,w=YV (V;_lfw) X7

» Taylor’s expansion of the derivative of the generalized strain vector

E = ViWla + Va|ge @0+ [Vs (Vowlg,) + Vi Wz, @ ]

§2

D]

Ve (Viw|ay) + Vow|z, @ n] +0(s7).



Taylor’s expansions - |l

» Generalized strain energy

=
=

» Taylor’s expansion of the generalized strain energy

h
=, = Qf Vsw+V,w@n|:L:[V,w+ V,w®n|ds
S
h3 5 3
+ﬂ V.w+V,w®@n|:L: [Vs (Vnw) + Vi ® n} ds
So

+ f (Vi (Vow) +Viw@n] :L: [V, (V,w) +Vaiw®@n|ds 3 +0(h°)

So



Plate and shell models - |

» Key to deriving plate and shell models

To obtain plate and shell models, all the quantities must be defined on
the median surface. Since normal gradients defined on the median
surface do not make sense when the 3D thin solid has been replaced by
its median surface, they have to be expressed in terms of some
appropriate surface gradients. This can be accomplished in a general
way by using the interfacial relations obtained in the first part.




Plate and shell models - Il

* A general shell model is given by

— —_— — —
—, — = — . —
Z=h = Smem T+ —bending + —couple

h
Emembrane = E/ (Vsw : B : V.w)ds.
So
h3
Ehending = o1 Ve(n-M:B:E):B:V,(n-M:B:E)+ (Voaw. W) :L: A: L: (V,w.W)|ds
So

=
—couple

3
= 2%/{VSW:B:VS[H-M:B:VS(H-M:E:E)]—FVSW:E:VS[H-M:E:(VSW.W)]}CES

So
Remarks:

* The derived shell model is coordinate-free. No curvilinear coordinates are
used.

* The material forming the shell is linear but can be multi-physical while
being generally anisotropic.



Concluding remarks

*In contrast with most of the works about the derivation of interfacial
relations and shell models, our approach is coordinate-free. Consequently,
a system of Cartesian coordinates or any other system of coordinates can
be used to carry out computations.

* The interfacial relations established for perfect interfaces turn out to be
the key to modelling of an interphase as an imperfect interface and to
deriving plate and shell models. This last point was unexpected.

 The numerical approach based on XFEM and LST is proved to be powerful
for the treatment of imperfect interfaces.

* In deriving imperfect interface models or plate and shell models, elasticity
and multifield phenomena such piezoelectricity have been treated in a
unified and compact way.

« The general shell model established in this work can be viewed as an
generalization of the well-known Koiter’s shell model.
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