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e We consider point equivalences of 2"4 order ODEs
Yiox = Q(X, ¥, ¥x)
o under fiber-preserving transformations
Cc? —c?

T o) > (F), 800 0)) = ().
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Definition

Two 2794 order ODEs yx = Q(x, Y, ¥x) and Yoo =R,y yl,) are said to be
fiber-preserving-equivalent if there is a diffeomorphism
¢ (x,y) € C?— (f(x),g(x,y)) =: (x',¥") € C? such that

(CRONIM R (1)

or equivalently

o ({(Xﬁy’ymyxx) | s = Q(X,y,yx)}) ={(<"s Y Y Vi) | Yo = R,y yi)}

v

Submanifold-Equation:

{(Xv}ﬁ}/x’}/xx) ect | Yxx = Q(X,Y7YX)} C J2(C)2<,y) = Cia}’vpyyxx'
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What we want :
o Representatives of equivalence problem

@ Symmetry groups associated to S:
LieSym(S) := {C = A(x)% + B(x,y)% | 4?' tangent to S}.

such that dim(LieSym(S)) > dim(S) = 3.

Problem

Classify all homogeneous 2" order ODEs under fiber-preserving transformations,
especially, find all (locally) homogeneous models.
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e In 1989, Hsu and Kamran solved this problem by the Elie Cartan's equivalence
method = method in terms of one-forms

@ One-forms generate too many calculations.
@ In higher dimensions, equivalence problems will be too difficult to be solved.

@ Now, see the foundations of the power series method, which lightens the
computation by proceeding in terms of power series.
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@ We work in local, so:
0esS.

ToS = Span{Lg | £ € LieSym(S)}.
o Assume ¢ fixes (0,0) € C? and

Q(x,y,p) = Qo,0,0 + Qu00x" + Qo,1,0¥" + Qoo,1p" + -+

namely
oo} oo oo
Qx,y,p) = ZZZ Qijkx' vy pk (@j,kEC),

where p 1= yx.
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Two notions are important:

[}
D) (V) = yoes
equivalent to
J’_
0= fx?)R(fvgv g&fﬂ) +gxf;<x+gy&xpfﬂgxxfzfxgxypffxgnyZ* 8y Q(x, ¥, p),
X
the fundamental equation of this problem.
°
E‘(?. tangent to S,
with
L=A(X)55 +B(x,y) &,
where

Ax)=Ag+Aix+---,
B(x,y) = Boo + Brox+---,
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Lf?. tangent to S,

is equivalent to

£® (yxx - Q(X7y,yx)> o,

[Ysx=Q(x, Y, ¥x)

in C{x,y, yx}, and precisely :

0=—-Bu«x + (Axx — 2Bxy)P + (2Ax - By)Q(X7Y7 P) - Bny2+
+AQx + BQy + [By + (By - AX)P] Qp7

the vectorial fundamental equation of the problem.
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By these two equations, we can solve the problem :

Qor=0
\\Qool
Qui=l
Qwe=°
Q=" Qpoz ="
Qu= /K
Q101="
Qooy=? =
@4=> @u=!
Qu=° Q="
qn=t Qu=!
Qo= Q)02=°
Qo3 Qons=0

under supervision of

— Qgoz=0 R001= |

( / N

RQuor =1 Qroz=( Q 10r=0
Reor=o Q opr=1 Qo3|
/ \

Q \n=o Qua=! Qn=p Qum =)
Qior=\ Quor=1 Qior=o Qioy =°
Qooy=® Q003=0 Qoo3=1 Qoo3 =1

RQu=°
Q="
Q=1
Q00377
®
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In the branch Qo,0,3 = Q1,02 = 1, every homogeneous 2vd order ODE is, in a unique
way, fiber-preserving-equivalent to

Q = xp* + p* + Q,1,1x%yp+

+ (1 +4Q2,1,1Q1,03 — %Qz,m Q0,0,4 — %Qioﬁ + %Q2,0,2Qfo,3+
*%Ql,o,?, @2,0,2Q0,0,4 + 2Q§70,2 Q1,03 — % Q%,o,z Q0,0,4) xy2p + Q2.02x2p%+
+ (Qio,g, —3Q2,02Q1,03+ 3@202 Qo,0,4) xyp® + Qu,0,3xp>+

+(2Qf 05+ 2Q2,02Q0,0,4 — 4Ql,0,3Q0,0,4)}’P3 + Qo,0,4p*+

+( — %Q2,1,1 Q1,03 + %QZ,I,I Q2,0,2)X3YP+
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+ (Qz,l,l Qio,:g +5Q2,1,12,02Q1,03 —4Q2,1,12,02QR0,0,4 +2Q2,02+
= % @2,0,2 Qio’3 + % 05,0,2 QiO,B = % Q10,3 Qio,g (Q0,0,4 + 4Q§7072 Q1,03+
- 1#,6 03,0,2 QO,0,4)X2)’2P + (% Qio,3 - gQio,:ﬂr

160 2
+5 @2,0,2Q1,03Q2,1,1Q0,04 — 16Q2,02Q7 5 3Q2,1,1+

R 58 12 2 2 3
—%Q1,0,3Qz,1,1 Qo,0,4 — 778 Q2,02Q5,0,4@2,1,1 — %01,0,302,0,2(\)0,0,4-&-

32 12 2 64 12 2 64 13
+fQI,O,3Q2,O,2Q0,074 - ﬁQ2’0’2Q0’0’4Q1,0,3 3 3Q2’0’2Q1,0,3Q0,0,4+
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—4Q2,0,2Q1,0,3 + %02,0,200,0,4 + %03’0,3 @,1,1 + %Qim @2,0,2+

43 2 3 2 128 3 2 3
+3Q703R5,02 —8@3,02Q103 — 37 @,0,2 Qo,o,4)xy P+
2 10 H2 1 3 2 7
+<§Qz,1,1 + 9 @00 — ng,o,2Ql,o,3)X P+ (5 @2,1,1Q1,03+
4 2 2 42 2.2
—502,1,1 Q0,0,4 aF Q2,0,2 01,0,3 - 302,0’2 Ql,0,3 + §Q270’2 QO,0,4)X yp +

2 2 16 12 2 213
+(4Q110,3QQ,0,2Q0,0,4 - 8Q1,0,3Qg,0’2(\)0,0,4 + 302,0’2(\)0’0,4 - §Q1,073QO,0,4+
8 2 14 9 S 2 2 3
—5Q1,03Q004@2,02+ 5103~ 5Q2,02Q103+9R50,R1 03+ 5R1,03+

+6Q2,1,107 0.3 — 4Q0,04 @2,1,1 Ql,o,3>xy2P2 + (%Qfo,a + %Qz,0,201,0,3)x2p3+

8 13 8 16 H2 4 2
+( —2+3Q7 03+ 5@1,03Q2,02Q0,04 — FQ10,3R0,04 + 302,023+

+5Q0,2Q,04 + 402,1,100,0,4)XYP3 + (301’,0,3 + 2 @7 03Q0.2Q0,04+
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3 32 12 2 2
—12Q1 93Q0,04 + 5 5,02Q0,0,4 — 16Q1,0,3Q5,0,4 2,02+

8
+20Q703Q5 04 — @202Q 03+ E Q1,03Q30,Q0,0,4 +2Q0,0,4+
+8Q0,0,4Q2,1,1R1,0,3 — ? @2,1,1 Q§’0,4)y2p3+
5 2 4 2 2
I (§ Q1,0,3Q0,04 — 5Q@2,0,2 Qo,o,4) xp* + (30110,3 Q0,04 +4@2,02Q5 0,4t

20 2 4 42 1 5
—5 Q1030004+ Q1,0,3Qz,o,2Qo,o,4) yp" + (§ Qh0,4 — gQ1,0,3Q0,0,4)P 4

+ Z Qf,j,kXiyij7

i+j+k>6
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with associated 3-dimensional Lie algebra generated by
e = — ( —1— 3xQ103+ 3xQ 02 + x> 02,1,1) 2+

+(( —1Qio3— %02,0,2))/ - Q11v + 37°+
+( Qi+ @05 — 1@202Qu03 + %Qo,0,4Q2,0,2)y3+
+(1/6 — Tngim = %01,0,3(\72,0,2 Qo,0,4 + %Q2,1,1 Q1,03+

4 1 2 12 4 2 3
—5@2,1,1Q0,0,4 + 15Q1,03QR2,0,2 + 3R5,02R1,0,3 — 502,0,200,0,4)Xy +
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Theor

+ (% Q1,03+ ﬁQf,o@ — %01,0,3 @2,0,2 Q&M + %Q1,0,3 @2,1,1Q0,0,4 + %Qio’:; Q@2,0,2 Q0,004+
—% Q1,0,3 05,072 Q0,04 — %Qz,o,z @2,1,1QR0,0,4 + % Q§7072 Q§70,4 — % Qiog Qo,0,4+
- % Qi”,0,3 @2,0,2 + % Q%,o,a 05,0,2))’4'*‘

+ (% Qio,3 — % Qio,3 + % @2,1,1Q1,0,302,0,2Q0,0,4 — g Qio,?, Q0,0,4@2,1,1+

4 3 4 A2 2 2 8 3
—57Q70,302,0,2Q0,0,4 + 57 Q1 03@5,02Q0,0,4 —2@2,1,1Q2,02R7 03 + §@1,03Q@5 0.2Q0,014+
v
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16 2 8 2 2 1 2 2 3
—57@2,0,2Q0,0,4Q2,1,1— 57 Q1,0,3Q5 0 2QR0,0,4— 5 @2,0,2Q1,0,3+ 5 R0,0,4 @2,02— Q1 035 0 21+

6 3 2 2 3 2 A4 13 2 4
51 @,02R0,04 +5@2,1,1Q7 03+ 5Q1,03Q202+ 5Q%0,3 02,0,2)Xy +
+(2@1,1Q%,,Q1,03Q 2 Q0,04Q% 5 3@2,02Q 22 Q2 04@1,03@,02Q
78 @2,1,1Q502,Q1,0,3R0,0,4 — £ Q0,04Q7,0,302,02Q2,1,1 + 35 Q50,4 Q1,0,3R2,0,2@2,1,1H
9 3 7 A6 1,1 1 3
+@ Q103 — 360,03 — 25 T 6 @1,03Q2,02Q0,0,4 — 15 Q2,1,1Q2,02Q7 o 3+
56 3 2 4 3 2
405 Ql 0, 3Qo 0, 4Q@2,02 — le,0,3Qo,o,4Q2,o,2 - *Ql 0, 3Qo 0, 4 Q@202+
406 2 5P
405 @ 0, 3Q2 0, 2Qo 04— 5@51,1Q1,03R0,04 — 405 2Q1,03Q5 0, 2Qo 0,471
179 2 3
57 Q1,o,3 Q2,o,2 Qo,0,4 + 135 Q1,0,3Q2,0,2Q0,0,4 + E Q2,o,2 Q1,0,3Q0,0,4+

44 4 7 3 128 A2 2
+135 Q1,0,3@2,0,2Q0,0,4 — 35 Q0,04 Q7 0,3@2,1,1 — 155 Q0,04 P50,@2,1,1+
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22 2 1 1 2
— 322 Q2 @11 — t @1 1@+ = @11Q004 — =@ 03Q02+F
45 %0,0,4 %10, 5 30 20 Y10,
12 2 A 16 3 3 4 e 2
—15®@2,0,2Q1,03 + 15 @2,02R0,0,4 + 135 @5,02%,0,4 + 135 1,030,041

15 12 4 ~2 2 11 A5 401 4 2

+35@7,0,3Q0,04 — 3Q1,03Q0,04 + 75Q2,1,1R0,04 — 35 A,0,3R@2,02 + 355 Q1,032,027+
37 13 3 32 4 2 23 4 AW

—5091,030@2,02 = 255 @,02Q0,0,4 T %01,0,3622,1,1))’ ) oy T

+( — @1y + ( —2Quo3+ %Qz,o,z)P + Q211xp +yp+ (% - 5Q st
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2 2 4 1 A2 152
—55Q1,0,3Q2,0,2Q0,04 + 5 @2,1,1Q1,03 — 5Q2,1,1Q0,0,4 + 75Q1,0,30@2,02 + 3Q50Q1,03+
4 A2 3 3 il 7 2 3 )
—5 @505 Qo,o,4)y + ( —5@11+ 5@ 03+ 5Q0,04Q2,02 — 52,0, Q1,0,3)y p+

2Qr1,1@1,0,3R2,02Q 12— 2 Q003 —2Q,1,1@2,02@?
S 9 &2,1,1(1,0,3(2,0,2(0,0,4 + 6 ¥1,0,3 — 13 ¥1,0,3 2,1,1%2,0,2 1,0,3+
8 3 16 2 8 2 2 4 A2
+§Ql,0,3Q210,QQO,O,4 - §Q2,0,2Q0,0’4Q2,1,1 - ﬁQl,O,3Q2,072 Q07014 - §Q1,0,3 Q0,0,AQ2,1 1+
4 A3 4 A2 2 2 1
—57Q70,302,0,2Q0,0,4 + 57 Q1 03@502Q0,0,4 + §Q0,0,402,0,2 — 5@2,0,2Q1,0,3+

2 3 2 4 13 2 16 3 2 2 3 4
— Q10302+ §Q0,3Q@2,02+ 5103202 — 575,02Q,04 + 51,1 Ql,0,3)y +
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1 1.3 2 4 12
+(§ — 6@ 03— 5@1,03Q2,02Q0,04 +2@2,1,1Q1,03 — 53Q2,1,1Q0,0,4 + ¢ Q1,032,021+
2 42 2 1 14 8 2
+Q3,02Q103 — §@302Q0,04)0°p+ (3Q103+ § Q103 — 2 Q1,03,02Q 0.4+
+8Q103Q@211 Q004 + Q2 05@.02Q0,04 — o Q103QR 02004+
3 ¥1,0,3w%2,1,1%0,0,4 3 ¥1,0,3'%2,0,2%%0,0,4 3 1,0,3%2 0,2 ¥0,0,4
8 16 A2 2 2 3 33
—5@2,02Q@2,1,1Q0,0,4 + 57 @502Q0,0,4 — §Q1,0340,04 — 3Q7 03,02+
2 2 3 80 2 50 2 5
Jr3Q1,0,3Q2,o,2)}’ p+ (jQ2,1,1Q1,0,3Q2,0,2QO,0,4 + 5@ 03— 5@ 03t

2 32 3 64 2
—8Q2,1,1Q2,02Q7 03 + %5 Q1,0,3@5,02Q0,0,4 — 37 @2,0,2Q0,0,4R@2,1,1+
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= % Q1,0,3 Qg,o,z 03,0,4 = % Qio,3 Q0,0,4@2,1,1 — % Qio,?, @2,0,2Q0,0,4+
+g Qioj Q§,0,2 Qo,0,4 + 300,0,4 @2,02 —2Q@2,02Q1,03 — 4Qio,3 03,0,2+
+ng’0,3Q2,o,2 aF %Q%,OSQ%,OQ - %QS’O,QQ3,074 == %Qz,m Qio’3)xy3p+
I+ (% @2,1,1@3,0,@1,03R0,04 — 4Q0,04Q5 03@2,02Q,1,1+

260 2 9 13 7 6 1,5
+57 Q0,0,4@1,03@2,02Q@2,1,1 + 5Q7 03— 7503 — 7 T 2Q1,03@2,02Q0,0,4+
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3
1 2 12 22
—Q2,1,1 Ql,0,3 +* 502,1,1 Q0,0,4 - §Q170,3 cv?2,0,2 - §Q2,0’201,0,3 =+ §Q2,0,200,0,4+

2 4 16 3 3 4 A4 2 15 5 2
+5 Q032,11+ 57@502Q004 + 27 Q103R0,0,4 + 6 R1,0,340,04 — 3Q10,3R0,0,4
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JréQ§11Q§04 Q1o30202+
406(\)103(\)202(\)004

—5Q0,0,4QL0,3QQ,1,1 —

+gQio,3an,4Q2,0,2 -

Ql ,0, 3Q2 0,2 —
2(\727171 Q1,0,3Q0,0,4 —

128 A2 2

WQO,OAQz,o,zQ?,Ll -

56 3 2
81 Ql,0,3 Qo,0,4 Qz,o,z
8 4 44 A4 4
+5@5,0,2@1,0,3Q0,0,4 + ﬁQly0,3QZ,O,2Q0,0,4)y P)

v R > ¢

i+j+k>6 i+j+k>6

kXyp

37 H3 3
12 Ql,0,3 Q2,0,2 -

3 2
38 @1,03Q302R04 —
2 A2 2
*Qo 0, 4Q1 0, 3Q@21,1 —
575
QIO3QQOQQOO4+

9
=+

%+ Z Chx'y'P 55

i+j+k>6

32 A4 2

51 @2,0,2Q0,0,4F
5 3

5 Q@2,1,1Q2,02Q 031
20 A3 2

ﬁQl 0, 3Qo 0, 4Q2,

Q103Q2O2
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e = ((202,0,201,0,3 = %Q1,0,3Qo,o,4)x + ( —4Q@2,1,1Q1,03 + %Q2,1,1Q0,0,4 = %02,0,2 ?%70,3-1-

2 8 2 13 4 2
—2Q50,®1,03 + 5Q202QR0,04 — 1+ 3Q7 03+ 5Q1,03R2,0,2 Qo,0,4)>< +

1 4 1 1 5\ 8
+( - ﬁQZ,l,l)X + (%02,1,101,0,3 = 502,0,202,1,1)X )5

+(1 4 ( — Qf o3+ @,02Q1,03— 3Q202Q0,04 + %Q1,o,3Qo,0,4)y+

+( -1+ 301,0,3 @2,0,2Q0,04 —4Q2,1,1Q1,0,3 + %Q2,1,1 Q0,0,4 — %02,0,2 Qio,s"’
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*203,07201,0,3 + gQ%o’z Qo,0,4 + %Qim3)xy + ( = % aF %Qiog; + %Ql,o,3Qz,o,2Qo,o,ﬁ
—2@2,1,1Q1,0,3 + %Q2,1,1 Qo0,0,4 — %02,0,2 Qfog = Qg}o,le,o,a 1F %Q%)oyon,oA)y:%-&-
+( —2Q01,1@1,03@2,02Q0,04 — 3@ 03+ 2R 03— Q103 04Q.1,1+

—%Qf’0’305’0,402,0,2 - %01,0,30370’2 Q0,0,4 = 13602,0,2 0870’402,1,1 - %01,0,3 Qg’O,QQg’O 4+
+1§6 05707300,0,402,1,1 + 303,0,302,0,200,0,4 + %05,0730570’2 Q0,0,4 — %Qz,o,z Qo,0,4+

3 2 14 16 H3 2 3
+Q1,0,3Q0,04 — Q70302 — 5Q1,0302,02 + 57Q502Q504 —2Q2,1,1Q7 g3+
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Theorem

1@t 03Qo04)y* + (— 22 Qu03@04@,1,1@,02+ £@,1103,@0,4Q1,03+
*% @11 Qio,3 @2,02Q0,04 —4@2,1.1 Qioﬁ Qio’z Qo,0,4 + %Qimg @11 03,0,402,0,2+
—%Q0,0A = %Qiog aF %QZ,M = Ql,o,sQio,on,oA = %Qio,g(\)z,o,z Qo,0,4+
+%Q2,1,1 Q8,0,4Q%,0,3 aF %Q%7013Q2,0,2Q8’074 - %Qg,l,l Qiog,Q0,0A 4 %Q2,1,1 Qiog Q2,0,2+
—%02,1,1 Q1,0,3R0,0,4 + %05,1,1 Q§,0,4Q1,o,3 aF %05,0,303,0740570’2 + %05,07300,0,402,0,2—%-

32 4 2 44 A4 28 A3 2 2 32 A2 3
— 15 @1,0,3Q0,0,4 Q2,02 + T Q1 03Q2,1,1Q0,04 — T Q103R5,02R0,0,4 + 35 ,0,2Q0,0,4 Q21,1+
V.

Julien Heyd, under supervision of J 3 Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



Results

Results

Theorem

256 3 3 172 A3 2 53 ~2 4

— 138 @502@0,04Q1,03 — 5 Q1 0,3R0,0,4Q2,1,1 + 75 Q5,02 @1 030,04+
52 ~3 3 4 2 56 ~3 2 2 32 4 2

— 3£ @,0,2Q1,0,3Q0,04 — 5Q3,0,2Q7,03R0,0,4 + 5 @,0,2Q1,03Q,04 — 75 ,02R1,03R5p,4+
38 2 316 17 2 5 3 A3 4 1 6

+3£ Q1,03Q0,0,4@2,02 — Q703004 — 55@5,02@7,03 T 70,0203 — 52,020 05+

4 2 2 19 13 3 3 32 12 3 8 5 2
—15Q3,0,2Q0,04 + 170 @7,03Q0,0,4 + 25 @2,02Q7 03 — 15 Q2.1,1R0,04 + 15 ,0,3R0,0.4+

8 2 802 2 9 5 64 o4 3 5\ 8
+2Q@2,11Q0 04 — £ @103R0,04 — 5R21,1Q7 03+ ﬁoz,o,zoo,w)y )87+
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13 4 8 1 2
+(( =14+ 3@ 03+ 5@1,03Q2,0,2Q0,0,4 —4Q2,1,1Q1,03 + 5Q2,1,1Q0,04 — 3R2,02Q7 93+

2 8 A2 2 8
—2Q50,Q103+ 5Q@50,2 Qo,0,4)y + ( — Qi3 — @,02Q1,03+ 5Q1,03Q0,04+
4 4 8
—3@2,0,2 00,0,4)13 + (1 — 5@1,03Q2,0,2Q0,0,4 +4Q2,1,1Q1,0,3 — 5$Q2,1,1R0,0,4+
1 2 2 8 12 13 3, 1.3
+3 @2,0,2 01,073 + 2Q270,2 Q1,03 — §Q2,0,2 Qo,0,4 — §Q1,073)XP + ( -5+ §Q170’3+
2 1 2 2
+£Q1,0,3@2,0,2Q0,0,4 — 6@2,1,1Q1,03 +4Q2,1,1Q0,04 — 53 @2,02Q7 03 —3Q50-Q1,03+
42 2 1 3 32 2 2 5
+3@30 Qo,o,4)y p+3Q,1,1x°p+ ( — 5 ,1,1Q1,03@2,02Q0,0,4 —2Q7 g3 + 5 @7 o 3
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Results

Results

64
64 12 28 13 64 2 2 2
+?Q170,3Q2,1,1Q0,0,4 + jQ170,3 Q2,0,2Q0,0,4 + 302,0,200’0’4Q2,1,1 - EQ2,072Q070,4QL0,3+
32 2 16 12 2 80 N2 2 16 H3
—§01,0,3Qo70,402,1,1 — 301’0,3 00’0,402,0,2 A 301’0,3(?2,07200,0,4 — ?Q2,07201,0,3QC,0,4+
8 3 2 64 13 2 4 H4 2 NA
+4Q1,0,3Q0,0,4 — 3@2,02Q0,04 —4Q7 3R 02+ 37R502Q0,0,4 — 37,0,3R0,0,4 — 5R0,3R2,

8@2,1,1 Qio,g)}ﬁp 4 ( — 1*1802,1,1 Q1,03 + ng,o,z Q2,1,1)X4P + ( — %01,0,3(\78,0,4(?2 1,1 Q@2

+8Q2,1,1 Q§70,2 Q§,0,4 Q1,03 —36Q2,1,1 Qiog, @2,0,2QR0,0,4 —20Q@Q2,1.1 Qio,g 05,072 Qo,0,4+
+%Q]2_,0’3Q2,1,1 QE2),O,4Q2,0,2 - %QO,O,II - %Qiog. + %Qiog - %2(\)3’0,2 Q%,013QO,0,4+
_4Q§’o’2 Qio,3 Q0,0,4 + %Qg)o’z Q%,OB 03,0,4 - % ngoyg Ql,0,3 Q§,0,4 - % Qio}3 Q2,0,2 QO 0,4+
+? Q10,3 05’0,402,0,2 + % @2,1,1 08,0,4 Qio,a + % Q%,0,3 @2,0,2 0870’4 — 2403,171 Qios Qo,0,4+
+3@2,1,1 Qio,3 @2,0,2 — 12Q2,1,1Q1,0,3QR0,0,4 + 3205,171 037074 Q1,03 + %Qimg Q370’4 Qi 2t
—5Q1,03@5,02Q0,04 + 2 Q7 03R0,04Q202 — Z Q1 03@04Q2.02+44Q7 53Q2,1,1Q, 04+

Julien Heyd, under supervision of J Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



Results

Results

Theor

10 32 256 172 3 2
@103@502Q 04T F@302@504@2,11 — 32 R30,9504Q103 — 2@ 0395 04Q2,1,1-
53 17 2 5
+3 Q2,o,2 Q% 0,3R0,0,4 — Q2,0,2(?1,0,3 + EQz,o,on,oA - 3Q1,0,3Q0,0,4 — % ©,0,2Q1,0,3
33 4 4 2 2 19 3 3 3 3202 3
+5@300Q103 50,020,045 R10,3R0,04 + 302020703~ F5@511,04t

+

+% 05,0,3 Q5,0,4 +8Q2,1,1 0(2),0,4 - 805,0,303,0,4 - 902,1,10113,073)y4p> a%"'

+ Z Crexiyipk S + Z Xyt + Z G yipt

i+j+k>6 i+j+k>6 i+j+k>6
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Results

Results

e = (( —2Qu03 + 3Q004)x + (3@202Q103 — §Q02Q004 — Q3) x> — 5+
,%Qz,o,2X4 4k (% @2,02Q1,03 — ﬁQZlyl - 505,072))(5) %+
4 2 3
+(X +(— Quos— §Qo04)y + (— Qo3 +3Q02Q103 — §Q202Q04) 3+

+3y2+ ( —2Q1,03Q0,0,4 + 2Q2,02Q004+ 3QF 03+ 3 Q02 Q1,0,3)y3+

8 N2 2 8 2 & 5 N2
+(§ Q0,0’4Q1’0’3 - §Ql,0,3Q2,0,200’0’4 - 2Q17oy3QO,0,4 - §Ql70’3 Q2,0,2Q0,0,4+
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Results

Results

Theor

+8Q1,03Q3 0,04+ 2Q 03+ 3QF03@202— $Q304Q,1,1 +2Q1,03Q2,1,1Q0,0,4+
+%Qo,o,4)y4 + 5 Quaxty + (% — 2 Q103@2,02Q0,04+ 3@1,1Q103— 3Q2,1,1Q0,04+
+718Q2,0,2 Qio,3 —+ %Qg,o,z Q1,03 — %Qio,g Q0,0,4 — %Qio,g)x‘?’f-&-

+(1578 Qo,o,4Qi0,3 @2,02Q2,1,1 + 203,07401,0,3(32,0,2 @2,1,1 — %Qios + 23*00?7073+

3+ 2Q1,03Q2,02Q004+ 2 Q3 04Q1,03@2,11 — 52 Q5 04Q2,1,1Q2,02+
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Results

Results

Theorem

+ Q1 0,3@0,04@2,02 — 52Q1,03@504 Q0.2 — R 0,3R5,04@202 — Q035028004
128 QI,O,3QQ 0, 2Q0 0,4 + Ql ,0, 3Q2 0, 200,0,4 S Ql ,0, 302 0, 2QO 0,4 — 3010,3QZ,O,ZQO7 ,4+
+%Qo,o,4Qi”,0,3Qz,1,1 = %Qg,oAQio,sQZ,l,l + %Qz,1,1Ql,o,3 = ng,l,lQo,o,zH-
+25Q2,02Q7 03 + 15@3,02Q1,03 — %03 02Q0,04 + Q7 03@2,02 — £ Q0403+
*203,074 Ql,0,3 + %03,074 Q2,0,2 135 QQ ,0, QQ() 0,4 AF 224 Ql ,0, 300 0,4 — Qir)’(),g, Q0,0,4+

7 2 7 A4 2 5) o
+15 @1,0,3Q0,0,4 — %01,0,302,0,2))’ )37
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Results

Results

(1 + ( — Qioa +3Q2,02Q1,03 — %Qz,o,on,oA)y S (Q1,0,3 = §Q0,0,4) p+

+( —3@2,0.2Q1,03 + 5Q@2,0,2Q0,04 + Qio,g)XP +3yp+x°p+ ( —6Q@1,0,3Q0,0,4+
+2Q2,0,2Q0,0,4 + %in + %Qz,o,z Ql,o,3)y2p + %Q2,1,1X3y+

12 2 4 1 2
+(§ — §Q1,03Q@2,0,2Q0,04 + @502Q1,03 +2Q@2,1,1Q1,03 — 53@2,1,1Q0,0,4 + 52,0203+

4 "2 13 2.2 2 3 32 12 2 32 2
*§Q2’0,2 Qo0,0,4 — 5Q11073)X ialTs §Q2,O,2X p+ (§Q0’0,4Ql,073 = ?Ql,0,3 Q2,0,2Q07071 +

3 20 A2 32 2 4 3
—8Q7,0,3R0,04 — 5 Q1,0,3@2,0,2Q0,04 + 5 Q1,0305,02Q0,0,4 + @103 +5Q7 032,02
~12 ,Q 8Q1,0,3Q2,1,1 Q 2Q 2 - 1@ Q 1@1,1-
3 (0,0,4(¢2,1,1 +8(1,03(2,1,1Q0,0,4 +2Q0,04)y"P + 15 2,02 * Q1,03 + 52,11

5 2 4 14 2 2 4 8
+§Qg’0,2)x p+ (g — 5 Q1,03Q2,0,2Q0,04 + 5@502Q1,03+3Q2,1,1RQ1,03 — §@,1,1Q0,0,4+

1 2 8 2 113 3 2
+3Q02Q 03— £Q30,Q004 — 5@ 03)x°yp + (18Q0,04QF 0 3@2,02Q@21,1+
20 2 13 36 3,25
+5Q0,04Q1,03R2,02@2,1,1 — 7@ 03+ 7@ 03+ 7 + T Q1,0,3Q2,0,2Q0,04+
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Results

Results

Theorem

+% Qg’o,4Q1,0,3Q2,1,1 = %Q&()AQZ,I,IQZ,O,Z = %Qioygﬂ?io,g@&o,‘; + %QI,O,SQ;QQ 03,0,4-
+14Q0,0,4Q%10’3Q2,1,1 - %QS,OAQE,O,SQzaLl - 12Qi0}3Q§}074Q2,0,2 4 %Q%,O,?}QS,OA '\)2,0,2"!‘
—%01,0,30870’405’0,2 aF ?Qiog QS’O,QQ0,0A == %Q%’O,3Q§,O7QQO,O,4 - 1501073@2,0,2 QC
+%Q§,0,2 Q1,03 +3Q@2,1,1Q1,03 — 2@2,1,1Q0,0,4 + %Qz,o,z Qig,3 — %Qig,z Qo,0,4+

160 A3 3 2 14 ~2 6413 3 24 b 2
—5 Q0,04 03 —10Q504Q1,03+ FTQ04Q202— 5R502Q0,04+ %5 Q1 03R,047

0,4F+

A

2 4 2 4
—90113,0,300,0,4 + 501,0,300,0,4 + 5Q£13,o,3Q270,2 - %01,0,302,0,2)}’ P) a%"‘

T T s I W e PN
) GRS i Y oy + i Y P 55
i+jt+k>6 i+j+k>6 i+j+k>6
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Results

satisfying
[e1, ] = (2Q2,0,2Q1,0,3 — %01,0,3(?0,0,4)61 + (%01,0,3 + %02,0,2)62 + @,1,163,

[e2, &3] = (— Q10,3 — %Q0,0,4)62 + (—%Q1,0,3Q0,0,4 —4Q2,0,2Q1,0,3)€3,

[e1, e3] = (—2Q1,0,3 + %Q0,0,4)e1 + e+ (%01,0,3 = %02,0,2)6‘3,
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Results

Results

and the set {Q1,0,3, Qo,0,4, @,0,2, Q2,1,1} satisfying equations generating an ideal with
the Grébner basis:

B1 := —Q1,0,3(2Q0,0,4 — 3Q2,0,2),

By := 2,1,1Q1,0,3,

B3 := —8Q0,0,4Q2,0,2 + 12057072 +27Q2,1,1,

Bs = 4Q§,0,4Q2,1,1 —2Q0,0,4 +3Q@2,0,2,

Bs := —16Q(2)70,4Ql,0,3 4k 16Q(2),0,4Q2,0,2 = 6Qo,0,4Qi0,3 + 905,073 —27.
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Results

Precisely, we obtain a homogeneous model if, and only if,

B; = 0. (1<i<5)
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The power series method

The power series method

Assume
(2
{yXX = Q(K%)’X)} L) {y>l<’x’ = R(X,7yl7y>/</)}7
with
¢ (xy) €C— (F(x),8(x,¥)) = (x',¥),
where
[e%S) n+1
Z fox" Z fix' + Ox(n+2),
n=0 i=0
[e] n+2
g(x,y) Z gi,jX"y" = Z g1y + Ox,y(n +3),
= i+j=0
neN.
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The power series method

The power series method

o From the fundamental and vectorial fundamental equations:

+
0= fx3R<f7g7 w) +gxﬁ(x“l’gyﬁ(xp*f;(gxx*2ﬁ<gxypffxgyyp2* x8y Q(Xy_)/7 P)7
x

and

0= —Bo + (Ax — 2By)p + (2Ax — B,)Q(x,, p) — By p*+
+AQ. + BQy + [By + (B, — A)p Qp,

we extract information for normalizing the power series coefficients of @ and R
order by order:

@ At each order n, by looking at the fundamental equation and by making
appropriate choices of coefficients f,,1, gi,j with i 4 j = n+ 2, we will normalize
the power series coefficients of @ and R.

At the end, such normalizations will end up with normal forms Qrormal of 3 and
with associated diffeomorphisms

@_ D02

oo = Qeryay)} (B LS gy, qremmal(yr 1 1y,
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The power series method

The power series method

For the branching Qo 0,3 = Q1,02 =1,

Qmermal — o in the theorem.
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The power series method

The power series method

o To find the associated Lie algebra structure, we look the vectorial fundamental
equations with

n+1 n+2
; o - 0
L= ( E Aix’+ox(n+2))87+ ( E B,-Jx’yl-|—O><’y(n-|—3))ny7
i=0 i+j=0

tangent to
{}/xx = Q(X7Y7YX)}'

@ At each order n, by looking at the vectorial fundamental equation, we will
normalize coefficients A, 1, B ; with i +j = n+4 2, hence we will normalize the
coefficients of L.

At the end of the process, we will obtain vector fields of the form

1s] 1o}
coormal — a(Ao, Bo,0, B1,0, A1, A2, BO,I) — + 5(/407 Bo,0, B1,0, A1, A2, Bo,l) —,

ox dy
with all other coefficients A and B « normalized, where a and (3 are linear in
their 6 arguments.
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The power series method

The power series method

Next, to obtain the associated Lie algebras in all branches, we will prolong the
concerned vector field to J1(C2 ) = C3 , , getting

l:normal,l

Then putting one of the arguments to 1 and the others to 0, we get generators e; with
1 <i<3orl< i< 6 of the associated Lie algebra given in the theorems.
For example :

e := £rormall(g o .. 0).
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The power series method

The power series method

@ Remark : We cannot normalize the coefficients order by order at the infinity.

(Z QI,J,kX y P ) Z Qi,j,kxiyjpk (n€N),
ik

i+j+k<n

o In fact, normalization of the coefficients of ¢ will create a decreasing and
stationary sequence of subsets of

Gura = {<p | (o = Qroys )} 25 (s = R(x',y',y;,)}} :

Gstab =: thal) DG stab = -

S Ghy = {so | (e = 1en( @) ys )} B (s = men(R)(x ,y’,y;,)}} S5

r+1 __
"D G stab thab o

o At the order r,the process of normalization stops.

o In geometric terms, we make Ggtap, act on {y = Q(x,y, yx)}-
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The power series method

The power series method

In the branch
Q0,03 = Q02 =1.

@ Assume Q0,0,0 = RO,O,O =0
e and ¢ fixes (0,0,0) in J :
fo = go,0 = g1,0 = 0.

o ¢ is a local diffeo :
fi #0, go,1 # 0.

@ Nouvelle projection :

Wn(ZQf,j,kXiyjp"): Z Qi kx'y/ p* (neN),

ik i+j+k=n
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The power series method

The power series method

Order n =0,

Q = Ox,yyp(].) and R = OX’,y’,p’(1)7
0+1 2
F(x) =) fix' +0x(2) and g(x,y) = > _ gijx'y/ + 0xy(3).
i=0 i+j=0

We make Ggiap act on {yxx = Q(x,y,yx)} on the order 0 by applying 7 to the
fundamental equation :
0= ™0 (ij + gxfxx + gy&xp — fxgxx — 2f><gxyp — fxgny2 - &ng>
Therefore
0= —2fig 0,

hence by fi # 0, we get
g2,0=0.
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The power series method

The power series method

Order n =1,

> QP+ 0y and R= D Rijuxyip* + 0, 0 1 (2),

i+j+k=1 i+jtk=1
1+1

f(x) = Z fix' 4 0x(3) and g(x,y) Z &X'y + Oxy(4).
i=0 i+j=0

We look the action of Ggap on {yxx = Q(X,y,yx)} at the order 1 by applying 71 to
the fundamental equation, we get

(E1) 0= Ri0,0f; — Q100fi8,1 — 6fig3,0,

(E2) 0= Ro,1,0f3g0,1 + Ro0,1f2g1,1 — Qo1,0fi80,1 — 2fig2,1 + 2f2g1,1,
(E3) 0= Ro0,1fg0,1 — Qo,0,1f180,1 — 2fig1,1 + 2f2g0,1-
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The power series method

The power series method

(E1) 0= Ry00f{ — Q1,0,0f180,1 — 6fig3,0,
(E2) 0= Ro,1,0f3g0,1 + Ro0,1fPg1,1 — Qo1,0f180,1 — 2fig2,1 + 2fog1 1,
(E3) 0= Ro01f2g01 — Qo0.1fi8.1 — 2figi1+ 2hgo 1.

o By the freeness of g3 in (E1) we can normalize Ry 0,0 = 0 and by equivalence:
Q1,0,0 = R1,00 =0.
So :
g3,0=0.
@ By looking at (E3), and by a choice of g1,1, we can normalize Ry 0,1 = 0 and by
equivalence:
Q0,0,1 = Ro,0,1 = 0.
Therefore (E3) gives
_ 2
81,1 = 80,1 n
o By the same idea, from (E2) we get:
Qo,1,0 = Ro,1,0 =0,

f2 2
82,1 = 8o,1\ = | -
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The power series method

The power series method

Conclusion :

The subgroup G, C G% . which sends Q = Ox,y,p(2) to R = Oy
of fiber-preserving transformations such that

' ,p' (2) consists

fo=0,f #0, go,0 =281,0= 82,0 =8&30=0, 8,1 #0,

f2 i
8i,1 = 80,1 P (1<i<2).
1

For order n > 2, it is the same process :
1) Normalization of the Q;j and R; ;.
2) Reducing of Ggap.
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The power series method

The power series method

About the vectorial fundamental equation, with

1+1

. )
(ZAX + Ox( n+2)—+(z B,x’yJ+Ox,y(n+3))a,

i+j=0

By applying mg to the vectorial fundamental equation, we get:

Byo =0.
Then by 71, we get

B3o=0,

Bx1 =0,

B1’1 = Ap.

Hence

14) o]
L= (Ao + A1x + Axx? 4 Ox(n+ 2)) e + (Bo,o + Bi,ox + Bo,1y + Ox,y(n+ 3)) e

About the vectorial fundamental equation, we do the same: at each order n:
Normalization of A,11 and B;j, with i4j = n+ 2.
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