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Introduction − Fibre bundles

Figure: vertical representation Figure: multi-scaled representation

Definition 1: Fibre bundle

Smooth manifoldsM and B and a smooth projection
π :M→ B such that
∀b ∈ B, ∃ b ∈ U ⊂ B, s.t. π−1 (U) ' U × F
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Ehresmann Connections

Definition 2: Connection − An horizontal/macroscopic lift

A smooth assignment at each m ∈ M of a smooth linear right
inverse Γm of dπ:
∀m ∈M, dπ ◦ Γm = IdTbB
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Solder forms

Figure: vertical representation Figure: multi-scaled representation

Definition 3: Solder form − A vertical/microscopic lift

A smooth assignment at each m ∈ M of a smooth linear iso-
morphism:

ϑm : TbB ' Vm(M) where Vm(M) = ker dπ|TmM
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Lifts and parallel transports

u ∈ TbB, σ ∈ Sect(M) , A :M→M′

∇uσ ∈ Vσ(b)(M) =Mb ∇ · σ : B −→ R
∇uA :Mb −→M′b ∇ ·A ∈ Sect(M′)
with:

∇uAσ(b) = ∇u(Aσ)−A(∇uσ) ∈ Vσ(b)(M′)
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The Euclidean case

ϕ : B −→ E F = dϕ : TB −→ TE

W : Lϕ (TB,TE) 3 FX 7−→W (FX) ∈ R[
DW (F)

]
X

= dWX (FX) ∈ L (T∗XB,T∗xE)

X ∈ B x = ϕ(X) ∈ E
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A geometric formalism

Spatial metric:

g : TE −→ T∗E (linear, symmetrical and non-degenerate)

Material metric (right Cauchy-Green):

C = FTgF ∈ T 0
2 (B) (linear, symmetrical and non-degenerate)

Isotropic behaviour:

W : LId (TB,T∗B) −→ R
CX 7−→W (CX)

DW : T 0
2 (B) −→ T 2

0 (B)
C 7−→ DW (C)

where [DW (C)]X = dWX (CX) =
1

2
SX
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Summary

Geometry (B,G) and (E,g)

Transformation: F : TB→ TE

Behaviour: W : LId (TB,T∗B) −→ R

Equilibrium:
(without external forces)

∇ · σ = 0

∇ ·
(

F · S · F−T

det (F)

)
=

∇ ·
(

F · 2DW (C) · F−T

det (F)

)
=

∇ ·
(

F · 2DW
(
FTgF

)
· F−T

det (F)

)
=
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Scaled material modelling

π :M−→ B π : E −→ E

F|m =
(
Γm ϑm

)
·

(
dϕ|m 0

Fv
h|m Fv

v|m

)
·
(

Γ−1m h
ϑ−1m v

)
ϕ : B→ E

Scaling factor ζ ∈ [0, 1]: ζ = l
L

Coupling term : Fv
h = dϕ− Fv

v
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Example

ϕ :

(
X
Y

)
7−→

(
X− u (Y)

Y

)
Fv
v = Id ‖u (Y)‖ � 1

St. Vernant-Kirchhoff type of energy

W(C) =
λ

2
tr

[
C−G

2

]2
+ µtr

[(
C−G

2

)2
]

DW(C) (∆C) = λ
2 tr
[
C−G

2

]
tr [∆C] + µtr

[
C−G

2 G−1∆C
]
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Example

[∇ · σ]
(X,Y)

= [∇ · σelastic](X,Y)
+ ζü (Y)


3
2ζu̇

2 (Y) (2µ+ λ)
ζu̇ (Y) (2µ+ λ)

µ+ 3
2

(
1 + ζ2

)
u̇2 (Y) (2µ+ λ)
0



Figure: ζ = 1
2 Figure: ζ = 1
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Example
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µ+ 3
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(
1 + ζ2

)
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
THANK YOU !

Figure: ζ = 1
2 Figure: ζ = 1
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