Galerkin Variational Integrators

Khaled HARIZ BELGACEM

With: Jacky Cresson (UPPA) & Anna Szafranska (Gdansk University)

LMAP - Université Pau et Pays de I'Adour

GDR-GDM, June 28" - July 1%, 2022 - Bordeaux

_— IVERSITE
- DE PAU ET DES
= PAYS DE 'ADOUR



Variational Integrator
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b
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Variational Integrator

Continuous case

b
L(x) :J L(x,x) dt
Variational principle
922t
dt\dv ox

Marsden & West. Discrete mechanics and variational integrators. Acta Numerica (2001)
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Variational Integrator

Continuous case Marsden-West approach !
X i —X:
]L(Xi: Xi+1) =L (Xi’ %)

Action sum

Discretization

L(x) = J L(x,%) dt L4(X) =D LX) Xi11)

Variational principle Disc. var. principle

d (oL oL
— | — |—-=—=0———— D,L(X;_1, X;) + D;L(X, Xi11) =
dt(av) Ox 0 ~ 2 ( i—1> l)+ 1 ( i l+1) 0

Marsden & West. Discrete mechanics and variational integrators. Acta Numerica (2001)
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Discrete differential and integral calculus

Discrete derivatives and anti-derivatives: T = {t;}i=, t;;1—t;=h

ot
#,([a, b],R) —=—> 2*([a, b, R)
x1(X) %(Kl(x))

K1 ln
A

F(T,R) ————— F(T*,R)
X AL X
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Discrete differential and integral calculus
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Discrete differential and integral calculus

Discrete derivatives and anti-derivatives: T={t;}'=N, t,,, —t;=h

i=0°
e [
2 ([a, b],R) o Q’Oi([a, b, R) yoi([a, b,R) ——=——~ 2/([a, b],R)
K1 (X) < (x4 (X)) K5(X) J2 (k50))
K1 \Lﬂ_’ K'é lﬂ:
Ay + fT At
F(T,R) ———— > F7(T",R) F(T,R) —— F(T,R)
X I[ ALX X [.X Agt
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AL =mTo—oK
+ dt 1
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X —X.
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Discrete differential and integral calculus

Discrete derivatives and anti-derivatives: T={t;}'=N, t,,, —t;=h

i=0>
e ft
d a
2 ([a, b],R) - o 25 ([a, b],R) 25 ([a, b],R) ———— #,([a, b],R)
K1 (X) < (x4 (X)) K5(X) INCHEY)
K1 \Lﬂ_’ K'é lﬂ:
A, v [.act
F(T,R) ———— > F7(T",R) F(T,R) —— F(T,R)
X I[ ALX X :[I [ X At
+ t
Ap=To oK (')Ai—”°f°’<§
T a
ALX = X1 —X; N—1
T h J XAt = Z(ti+1_ti)xi
Xi—X;_4 T i=0

A_X, =— s N
J XAt = Z(ti_ti—l)xi
r .
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Continuous case | Discrete case

Fundamental theorem of the differential calculus

th’(s) ds = x(t) —x(a) 3 J(A+X) At=X—Xq

x(s) ds = x(t)

il A+OJXA+t—X
dt J, T

Integration by parts

|
b . 3 T(Y-AJFX)Ath:—J(AY~X)A+t+BC
f x-y dt—J X'y dt+xy|s:
a a |
|
|
|
|
|

T

f(Y-A_X)A_t——j (A,Y-X)A_t+BC
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Classical Variational Integrator

Continuous case

ﬁ(x):f L(x(t),x(t)) dt

Variational principle
g (22t g
dt\ dv ox

A\
Euler-Lagrange equation
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Classical Variational Integrator

Continuous case Discrete case

c(x):f L(x(t),x(t)) dt (X)—f L(X,A X) ALt

Discrete var. principle

l

| X

Variational principle

dt\ av ax v

¥ A

Euler-Lagrange equation Discrete E-L equation
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Higher-order Variational Integ

Galerkin variational integrators 2: over each subinterval [t;, t;,1] C [a, ],

2J. Hall & M. Leok, Spectral variational integrators, Numer. Math. (2015)
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Higher-order Variational Integrators

Galerkin variational integrators 2: over each subinterval [t;, t;,1] C [a, ],

@ Interpolate x using the Lagrange polynomials

2J. Hall & M. Leok, Spectral variational integrators, Numer. Math. (2015)
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Higher-order Variational Integrators

Galerkin variational integrators 2: over each subinterval [t t..{] C [a, b],
g i bl

@ Interpolate x using the Lagrange polynomials

@ Approximate the action integral using quadrature rules.

2J. Hall & M. Leok, Spectral variational integrators, Numer. Math. (2015)
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Higher-order Variational Integrators

Galerkin variational integrators 2: over each subinterval [t t..{] C [a, b],
g i bl

@ Interpolate x using the Lagrange polynomials

@ Approximate the action integral using quadrature rules.

Euler-Lagrange equations: for 1<i<N-—1

A

> [ pole) S (eshi%) + 1 oler) S (eshi%) |
+;hwa[som(ca)%(cah;x-_l)+%sam(ca)%(cah:x_l)]:o

D[4 S (ehi%) + 3 91(c) S (ehi%)] =0, 0<j<m

2J. Hall & M. Leok, Spectral variational integrators, Numer. Math. (2015)
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Higher-order Variational Integrators

o T={t;=a+i(b—a)/h, 0<i< N}, XeC(T,R)

X
Xit1
X; .
[ ]
— - } >t
t; tit1
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Higher-order Variational Integrators

o T={t;=a+i(b—a)/h, 0<i< N}, XeC(T,R)
@ T,={n;, i=0,...,m} : a time scale over [0,1] with ng =0, 1, = 1.
o T, : a control time scale over |t;, t; ;[ defined by

Tic = {ti, =t +nh n; €T, j=1,...,m—1}

X
Xit1
X; .
[ ]
} } - ———— - - } } } >t
t; tic, tic, tic o s tiv1

Tic
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Higher-order Variational Integrators

T={t=a+i(b—a)/h, 0<i< N}, K XeC(T,R)
T, =1{n; i=0,...,m} : a time scale over [0,1] with ng =0, 1, = 1.

T; ¢ : a control time scale over |t;, t; ;[ defined by

Tic = {ti, =t +nh n; €T, j=1,...,m—1}

o X.€C(T¢,R) : a control function
X
Xi’c" Xi,Cm—l
(] Xi c
B X. °
° hem-2 Xit1
X, . .
[ ]
i i e i i i >t
t; tic, tic, tic o s tiv1
Tjc
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Interpolation map of degree m

e {;€#,([0,1],R), the Lagrange polynomials
® K, :C(TUT:,R) — 2, ([a, b],R) defined for all t € [t;, t;,4] by

—t.

e (Gt + S5t

kni(2)(8) = 6o -

Z’€ ¢(TUT,R) x o
Ly =X, Ly =X Yo N ool 7’:&M
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Interpolation map of degree m

e {;€#,([0,1],R), the Lagrange polynomials
® K, :C(TUT:,R) — 2, ([a, b],R) defined for all t € [t;, t;,4] by

W(5x0 (5t

Z’e C(TUT,R) X w
Ly =X, Ly =X Yo N ool 7’:&M

( ) Xelt5)

Km,i Z) (t) =
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Discrete differential formula

Definition

Let X € C(T,R) and Z the extension of X with respect to X.. The derivative of Z is
defined for all t €[t;, t; 4] by
a*

2, ([a,b,R) —=—= @ ([a, b}, R)
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Discrete differential formula

Definition

Let X € C(T,R) and Z the extension of X with respect to X.. The derivative of Z is
defined for all t €[t;, t; 4] by
a*

2, ([a,b,R) —=—= @ ([a, b}, R)

o Form=1=— T=0
X1 — X,

o A (2)(1) = (a4 X); = h
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Discrete integral formula

e T,={q;, i=0,...,n}, with gy=0, g,=1: a quadrature
o T, q={tj;,=t+qh q€T,\{0,1},j=1,...,n—1},i=0,....,N—1

X
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Discrete integral formula

Definition (Quadrature formula) |
J

Let f € C(TUTgq,R). The (T, w)-integral of f over T denoted by f; f(s) A,,sis

defined for all t =t, by

qw

N

‘@m([a’ b]’R) =" m+1([3’ b]’R)

C(Te,R C(TuTg,R
Q

- >
(T4, w)-integral

w € C(T,, [0,1]) is a weight function such that
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Discrete integral formula

Definition (Quadrature formula) |
J

Let f € C(TUTgq,R). The (T, w)-integral of f over T denoted by f; f(s) A,,sis

defined for all t =t, by

qw

t

t k=1 rtipq
J f(t) Aq,Wt:ZJ f(t) Aq:Wt’ ‘@m([a’ b]’R) # m+1([3’ b]’R)

tiva n
t; j

s C(TuTg,R)

- >
(T4, w)-integral

w € C(T,, [0,1]) is a weight function such that
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The fundamental theorem of differential calculus at the discrete level

Theorem

N

Let X € C(T(,R) and (T,, w) be a quadrature of order n over [0,1]. Then,
1

J Kmo Am(X)(t) Ayt =X(1)—X(0)
0

A, 0 ft Km(X)(s) A, s =X(t).
0
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Integration by parts formula

Theorem

Let f € C(TUTg,R) and X € C(T,R) we have

j (e (X)(£) Ayt = j

o(

b

o(t)
X(t){f f°’(s)Aq)Ws] A, t+TFy, (1)
a) t

b b o(t)
J fF(H)AX(t)A, ,t = f X(t) U Aqf°’_(5)Aq,Ws:| Ajt+Gy,  (2)
a o(a) t
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Integration by parts formula

Theorem

Let f € C(TUTg,R) and X € C(T,R) we have

j (e (X)(£) Ayt = j

o(

~

b

o(t)
X(t){f f°’(s)Aq)Ws] A, t+TFy, (1)
a) t

b b o(t)
J fF(H)AX(t)A, ,t = f X(t) U Aqf°’_(5)Aq,Ws:| Ajt+Gy,  (2)
a o(a) t

where

Fom(t) = Lo(t)F (£) +L,,(t)FP7 (t) then A Fo(t) = Lo (t)F (£) + £, (£)FP ().
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Higher-order calculus of variations

Definition of discrete Lagrangian functional |
J

Let X € C(T,R) and X_. € C(T,R):

Lo (XX) = J L(kn(Z)(8), An(2)(®)) Byt
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Higher-order calculus of variations

Definition of discrete Lagrangian functional |
J

Let X € C(T,R) and X_. € C(T,R):

Lo (XX) = J L(kn(Z)(8), An(2)(®)) Byt

Example: Let Tc =0
N—-1
o if =0, then £,0,,(X)=h> L(X(t;),A,X(t))

N—1

X(t;)+ X(¢;
e ifg= % then ﬁn!%’W(X) =h L(M,A+X(q))
i=0

Khaled HARIZ La réunion GDR - Bordeaux July 15, 2022



Higher-order calculus of variations

The Fréchet derivative of £, ., at Z

DL, . (Z)(H) = lim 1( gl Z+ eH) =L, 0(2))

e—0 €

The variation of £ at Z along a direction H=(V, V,) € Co(TUT,R) is

n.9,w

DL, 0. (2)(H) = f [%(*m)x (V(0)+ S5 (1) A, (V) (1)

oL aL

+$(*(t)) ( )(t)+_( (t))Ac(Vc)(t) Aq,wt'

where x(t) = (x,,(2)(t), A,,(Z)(t)) and

Co(TUT(,R) ={GeC(TUT,,R), Gy(a)= Gy(b)=0}.
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Higher-order calculus of variations

Now, for V =0 or V. =0, we get the following integral equations:

f DRV)O + 2o ()20 8gut =0, WVeCEmR, ()

[Te cnmtvo s eenaom]sni=o vecran. @
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Higher-order variational integrator

Euler-Lagrange equations ]

The critical points of the functional £, , , correspond to the solutions of the following

Euler-Lagrange equations for all t € T*

Jt"“) [ (% (*(s)))o’f +4, (% (*(s)))o’f ] A,s=0

o(t) aL o(t)
Jt 6(5)55 () Bgus = f (65 () Agus, 1SjSm—1
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