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I. Conservation laws : Classical Thermomechanics
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Conservation of energy in global formulation and localization.
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Conservation laws : unified framework

1 B-derivative (particular Lie derivative) (R 2003, 2022)

(
dB

dt
T
)(

u1, ...up, ω
1, ...ωq

)
:=

d

dt

[
T
(
u1, ...up, ω

1, ...ωq
)]

2 Conservation laws (Poincaré’s integral invariance) not covariant

dB

dt
(ρωn) = 0

dB

dt

(
ρv iωn

)
= ρbiωn + divpi

n ωn, i = 1, 2, 3

dB

dt

[
ρ

(
u +

v2

2

)
ωn

]
= ρb · v ωn + div

(
σT(v)

)
ωn + ρr ωn − divJH ωn

3 Entropy inequality

dB

dt
(ρsωn) ≥ ρ r

θ
ωn − div

(
JH

θ

)
ωn
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Conservation laws : embedded base (uα, α = 1, 3)

1 Mass

ρ0 = ρ J, with J :=
ωn (u1,u2,u3)

ωn (u10,u20,u30)

2 Linear momentum:

ρ0
d

dt
v = ρ0b + DivP

3 Energy

ρ0
d

dt
u = P : ∇v + ρ0r −DivJH0

4 Entropy

ρ0
d

dt
s ≥ ρ0

r

θ
−Div

(
JH0

θ

)
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Conservation laws : ”spatial” base (ei , i = 1, 3)

1 Mass
∂ρ

∂t
+ div (ρv) = 0

2 Linear momentum:

∂

∂t
(ρv) + div (ρv ⊗ v) = ρ b + divσ

3 Energy

ρ
d

dt
u = σ : D + ρr − divJH

4 Entropy

ρ
d

dt
s ≥ ρ r

θ
− div

(
JH

θ

)

Remarque

Base (ei , i = 1, 3) is temporarily embedded base within the continuum at
t (Goldstein ”Lecture Notes on Fluid Mechanics”).
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Symmetries and conservation laws

1 Despite their unique framework for expressing conservation laws,
Newton’s laws of motion are not covariant (Galilean
transformations) conversely to Lagrange’s equations.

2 Einstein’s great advance was to put spacetime symmetry first :
SR makes particle mechanics and electromagnetism compatible
(Lorentz transformations)

3 For RG, Einstein introduced the principle of equivalence (local
symmetry) - invariance of law expressions under local changes of
the spacetime coordinates. Symmetry Invariance for RG requires
additional precisions: it was a source of disputes (Norton, 2005).

4 Indeed, Noether’s theorems relate symmetry with conservation laws:
continuous symmetries generate conservation laws.

5 Constructing conservation laws and conserved quantities in an
physics theory, including Einstein-Cartan Relative Gravitation
and also other field theory, is still a main problem.
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II. Relative Gravitation and Principle of General
Covariance

Spacetime geometry

Relative Gravitation as Gauge Theory
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Tool 1. : Connection, Torsion and Curvature

Given an affine connection ∇ on a manifold B:

1 Constants of structure of Cartan (non coordinate base)1

[eα, eβ] := ℵγ0αβ eγ

2 Torsion tensor
{ ℵ(fγ , eα, eβ) = fγ

(
∇eαeβ −∇eβ

eα − [eα, eβ]
)

ℵγαβ = Γγαβ − Γγβα − ℵ
γ
0αβ

3 Curvature tensor
{

R(fγ , eα, eβ , eλ) = fγ(∇eα
∇eβ

eλ −∇eβ
∇eα

eλ −∇[eα,eβ ]eλ)
Rγ
αβλ = (∂αΓγβλ + ΓµβlΓ

γ
αµ)− (∂βΓγαλ + ΓµαλΓγβµ)− ℵµ0αβΓγµλ

1Orthonormal cylindrical : (er , eθ, ez) and spherical (er , eθ, eϕ) are not
coordinate bases.
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Tool 2. : Covariant differential operators for B

Two covariant differential operators necessary for any continuum
theory. Let T be a tensor type (p, q):

1 Connection and covariant derivative ON B

∇γTα1···αp

β1···βq
= ∂γT

α1···αp

β1···βq
+

s=p∑

s=1

Γαs
γµT

α1···αs−1 µ αs+1···αp

β1···βq

−
s=q∑

s=1

Γµγβs
T
α1···αp

β1···βs−1 µ βs+1···βq

2 Lie derivative generates an active diffeomorphism OF B

LξTα1···αp

β1···βq
:= ξγ∂γT

α1···αp

β1···βq

− T
γα2···αp

β1···βq
∂γξ

α1 − · · · − T
α1···αp−1γ
β1,···βq

∂γξ
αp

+ T
α1···αp

γβ2···βq
∂β1ξ

γ + · · ·+ T
α1···αp

β1···βq−1γ
∂βqξ

γ
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Tool 3. : Derivative of an integral on B

1 Definition of a volume-form (measure) and action on B

ωn, S :=

∫

B

L ωn

where L is a Lagrangian density of a action.

2 Poincaré : Variation of integral under active diffeomorphism .

Let ω be a p-form (p ≤ n) on B. Then under the flow (with
tangent ξ):

∫

B

ω integral invariant ⇐⇒ Lξ ω = 0

3 Application on an action (remark presence of the second term !
e.g. Obukhov & Putzfield, 2014):

S =

∫

B

L ωn =⇒ δS =

∫

B

Lξ (L )ωn +

∫

B

L Lξωn
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Continuum 1. : Riemann–Cartan Continuum

1 Continuum is a compact, connected, oriented manifold :

a metric tensor g with components gαβ (x)
an affine connection ∇ with coefficients Γγαβ (x)
a volume-form ωn with components ωn 1···n (x)

2 ∇ and g are compatible if

∇γgαβ ≡ 0

3 ∇ and ωn are compatible if (e.g. Saa 1995)

Lξωn = (∇αξ
α)ωn

ξ tangent to flow (active diffeomorphism). ωn exists !
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Continuum 2. : Riemann Continuum

1 Continuum is a compact, connected, oriented manifold :

a metric tensor g with components gαβ (x)

a Levi-Civita connection ∇ with coefficients Γ
γ

αβ (x)

a volume-form ωn :=
√
Detg dx1 ∧ · · · ∧ dxn

2 Symmetric connection ∇ and metric g are compatible

∇γgαβ ≡ 0, Γ
γ
αβ = (1/2) gγλ (∂βgαλ + ∂αgλβ − ∂λgαβ)

3 Symmetric connection ∇ and ωn are compatible

Lξωn =
(
∇αξ

α
)
ωn

ξ tangent to flow (active diffeomorphism). (Divergence
theorem)
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Relative Gravitation : Einstein spacetime (Riemann
continuum)

1 The Hilbert-Einstein action governs the (simplest) theory
for vacuum spacetime in Relative Gravitation :

S :=
1

2χ

∫

M
< ωn, < := gαβ <αβ

, <αβ := <γ
γαβ
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1. Gravitation : Two-steps approach e.g. Ali et al. 2009

1 The Euler variation δgαβ induces the Einstein field equation:

∆S = (1/2χ)

∫

M

(
<αβ − (</2)gαβ

)
δgαβ ωn + BT = 0

with δωn = −(1/2)gαβ δgαβ ωn

2 Einstein field equation (not a conservation laws) holds:

G
αβ

:= <αβ − (</2)gαβ = 0

3 Principle of General Covariance. Considering active
diffeomorphism engendered by Lie derivative along ξ,

δgαβ −→ Lξgαβ = ∇αξβ +∇βξα

we deduce the vacuum spacetime conservation laws :

∇βG
αβ

= 0
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2. Gravitation : Palatini approach e.g. Ferraris et al. 1982

1 Hilbert-Einstein action (metric, connection and derivatives):

S = (1/2χ)

∫

B

L
(
gαβ , Γ

γ

αβ , ∂λΓ
γ

αβ

)
ωn

2 Variations of metric and connection

δΓ
γ

αβ = (1/2) gγλ
(
∇βδgαλ +∇αδgλβ −∇λδgαβ

)

δ<αβ = ∇λ(δΓλβα)−∇β(δΓλλα)

3 Euler-Lagrange equations as field equations :

{
Gαβ := <(αβ)

[
Γσµν , ∂εΓ

σ
µν

]
− 1

2gαβ
(
gηθ<(ηθ)

[
Γσµν , ∂εΓ

σ
µν

])
= 0

∇γgαβ = 0

Remarque

Conservation laws follow from δgαβ −→ Lξgαβ = ∇αξβ +∇βξα
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3. Gravitation: Integral Invariance & Bianchi’s identities

1 Principle of General Covariance (active diffeomorphism)

δS =

∫

B

Lξ(L ) ωn + L (∇αξα) ωn =
1

2χ

∫

B

gβλ∇νRβλ ωn = 0

The second term vanishes for divergence-free gauge ξ.

2 Bianchi’s first identities

∇ν<
γ

αβλ +∇β<
γ

ναλ +∇α<
γ

βνλ = 0

3 Technique : Putting α = γ and multiplying by gβλ:

∇νR−∇βR
β

ν −∇αR
α

ν = 0

4 Deduction of the vacuum spacetime conservation laws :

∇βG
α

β = 0, G
α

β := Rαβ −
R
2
δαβ
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4. Gravitation with sources : conservation laws

1 Variational formulation of Hilbert-Einstein action with source :

δS :=
1

2χ

∫

B

(
<αβ − R

2
gαβ

)
Lξgαβ ωn +

∫

B

σαβLξgαβ ωn = 0

2 Field equation and energy-momentum tensor σαβ :

(1/2χ)
(
<αβ −R/2 gαβ

)
+ σαβ = 0,

3 Conservation laws following δgαβ −→ Lξgαβ = ∇αξβ +∇βξα:

∇βσαβ+(1/2χ)∇β
(
<αβ −R/2 gαβ

)
= 0 =⇒ ∇βσαβ = 0

The conservation laws of σ ”do not contain” the gravitational term.
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Some remarks

(1) Two-steps approach similar to use substantial variation which
includes transformations of space(time) coordinates and of physical fields
(e.g. Obukhov et al. 2014-5, Lompay & Petrov, 2013, ... )

(2) Spacetime in Einstein RG is a second gradient continuum :

<λαβµ = (1/2)gλσ (∂µ∂αgσβ − ∂µ∂βgσα + ∂σ∂βgµα − ∂σ∂αgµβ)

+ (1/4)gλσ (∂αgσγ + ∂γgασ − ∂σgαγ) gγκ (∂βgκµ + ∂µgβκ − ∂κgβµ)

− (1/4)gλσ (∂βgσγ + ∂γgβσ − ∂σgβγ) gγκ (∂αgκµ + ∂µgακ − ∂κgαµ)

Remarque

The goal is now to extend the conservation laws which takes the generic

expression ∇βσαβ = 0 to more general geometries of Relative

Gravitation and to some Inelastic continuum.
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III. Description of some Inelastic Deformation

Figure: Material Processing with Grain Refinement by Severe Plastic
Deformation : Strengthening of material.
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Severe Plastic deformation : Example of HPT

number of whole revolutions imposed on the disks [29]. It is apparent that there is a quasi-saturation
after about N = 2 whole revolutions and thereafter the difference in the accumulated strain is not large
between selected points on the periphery of the disk at r = 10.0 mm and selected points near the cen-
ter of the disk at r = 1.0 mm. In fact, even for r = 0.1 mm, which corresponds to a point in the imme-
diate vicinity of the disk center, the accumulated strain after 5 whole revolutions is equal to
approximately 4 and this is only lower by a factor of about 2.5! than the strain estimated at the
periphery.

Making the reasonable assumption that there is no straining in the center of the disk where
r = 0 mm, it follows that there is a relatively low probability of detecting the center of the disk with
a precision better than "0.1 mm. Furthermore, it is important to note that the foils used in transmis-
sion electron microscopy (TEM) are 3 mm in diameter so that the precise location of a transparent
area produced by jet electro-polishing occurs in an uncontrollable and essentially random operation.
Therefore, in practical terms at least, it is extremely difficult if not impossible to accurately detect
and examine the precise center of the HPT disk. Based on these difficulties and the uncertainties
associated with calculations of the strain in HPT, it seems reasonable to follow an earlier suggestion
and simply specify the HPT strain in terms of the numbers of revolutions imposed on the sample
[22].

2.3. The principles of unconstrained and constrained HPT

The principles of HPT are illustrated in Fig. 3 but in practice there are two distinct types of process-
ing as illustrated schematically in Fig. 6: these types are termed unconstrained and constrained HPT,
respectively [29].

In unconstrained HPT, the specimen is placed on the lower anvil and it is then subjected to an
applied pressure and torsional straining as illustrated in Fig. 6a. Under these conditions, the material
is free to flow outwards under the applied pressure and only a minor back-pressure is introduced
into the system due to the frictional forces acting between the sample and the anvil. An example
of the use of unconstrained HPT is given by a report of experiments conducted earlier on pure Ni
[21].

In constrained HPT, as shown in Fig. 6b, the sample is machined so that it fits into a cavity in the
lower anvil and the load is applied such that there is no outward flow of material during the torsional
straining. This means in practice that true constrained HPT is conducted in the presence of an effective
back-pressure. However, it is generally difficult to achieve an idealized constrained condition and
experiments are often conducted under a quasi-constrained condition as shown in Fig. 6c where there
is at least some limited outward flow between the upper and lower anvils. An example of the use of
quasi-constrained HPT is given by experiments on an austenitic steel where it was noted specifically
that, upon application of the load, there was some limited outward flow of material between the upper
and lower anvils [30].

Fig. 6. Schematic illustration of HPT for (a) unconstrained and (b, c) constrained conditions [29].

A.P. Zhilyaev, T.G. Langdon / Progress in Materials Science 53 (2008) 893–979 901

Figure: Hight Pressure Torsion Loadings : (a) Unconstrained; (b) and
(c) Constrained.
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Exemples of HPT plastification

A recent report described the processing of disks of an Al–3% Mg–0.2% Sc alloy by HPT [33]. The
initial grain size was ! 0.5 mm but HPT processing refined the grains to a size of !150 nm where this
is slightly smaller than the grain size of !200 nm achieved through processing of the same alloy by
ECAP [90]. The development of a smaller grain size in HPT confirms the trends reported in earlier
investigations [58,91,92].

Inspection of the disks after processing revealed a central core region where there was a relatively
coarse and ill-defined microstructure. Experiments showed the size of this core region decreased as
the number of turns increased. Furthermore, measurements demonstrated the hardness increased
both with increasing applied pressure and/or with increasing numbers of turns. It was found also that
the hardness increased with increasing distance from the center of the disk but tended to stabilize at
distances greater than !2–3 mm from the central point. The values of the saturation hardness in the
outer regions of the disks were similar at higher applied pressures and after larger numbers of turns
thereby confirming the development of a well-defined saturation condition. The saturation level for
the hardness in these experiments was Hv " 180–190, thereby demonstrating hardening by a factor
of !3# by comparison with the initial solution-treated condition of Hv " 63. Similar increases in
strength were reported for several commercial aluminum alloys after processing by ECAP [41]. Within
the region associated with the hardness saturation, it was shown by TEM that the microstructure was
reasonably homogeneous and consisted of ultrafine grains separated by high-angle grain boundaries.

Fig. 40a depicts the variation of the Vickers microhardness with position for disks subjected to a
total of 5 turns under pressures from 0.62 to 6.0 GPa, where the center of each disk is on the left,
the points denote the incremental steps of 0.5 mm up to a total distance of 4 mm from the center
of the disk and the lower broken line shows the solution-treated condition where Hv " 63 [33]. It is
apparent from inspection of Fig. 40a that the values of Hv tend to increase with increasing distance
from the center of the disk and the rate of increase is greater near the center thereby leading to a sat-
uration value near the outer edge of the disk. In addition, the values of Hv increase with increasing
applied load but there is a saturation to essentially similar values near the outer edges of the disks
for values of P in the range from 1.25 to 6.0 GPa.

Fig. 39. Optical micrographs showing the microstructures after HPT at the center, half-way position and edge of each disk in a
magnesium AZ61 alloy after processing through 1, 3, 5 and 7 turns at a temperature of 423 K [89].

930 A.P. Zhilyaev, T.G. Langdon / Progress in Materials Science 53 (2008) 893–979

Figure: Optical Micrographs : Microstructures after HPT at the center,
half-way position and edge of the disk in a magnesium AZ61 alloy after
processing N turns at 423 K (Zhilayev & Langdon 2008).
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Severe Plastic Deformation

nano-twins evidenced by the many straight lines at the interior of the
nanodomains in Fig. 11(a) and by the Fourier transformation image in
Fig. 11(b). Lattice dislocations are mainly located along the boundaries
of the nanodomains as shown in Fig. 11(c–d). Only a few lattice

dislocations are observed in the interior of the nanodomains marked by
“A” in Fig. 11(c). This indicates that dislocation slip is in dominance
until the formation of the nanodomains, then twining becomes a major
deformation mechanism.

Fig. 10. Schematic illustration of the five
grain refinement stages, formed sequentially
throughout the microstructural evolution,
during SPD of materials with high SFEs. “T”
denotes dislocations. GBs and dense disloca-
tion walls are GNBs and are represented by
solid lines. Stage 1: Formation of large size
dislocation cell blocks containing dislocations
and dislocation cell structures. Stage 2:
Formation of microbands and transformation
of some early dislocation cells into cell blocks.
Stage 3: Formation of lamellar sub-grains
containing large quantities of dislocations.
Stage 4: Formation of well-developed lamellar
sub-grains and some equiaxed sub-grains.
Stage 5: Homogeneous distribution of equiaxed
ultrafine grains or nano-grains.

Fig. 11. (a) A TEM image showing nanodo-
mains formed in a Cu processed by HPT for five
revolutions under 7 GPa pressure. Black aster-
isks delineate domain boundaries; (b) Fourier
transformation of (a). Two rectangles mark the
two sets of lattice forming a twin relationship;
(c) an image obtained by inverse Fourier
transformation of the (000) and “C’’ spots in
(b). Dislocation cores and slip plane are
marked with black “T’’ and indicated using a
white straight line, respectively. Some dis-
locations are located within a nanodomain at
the area marked “A”; (d) an image obtained by
inverse Fourier transformation of the (000) and
“D’’ spots in (b) [92].

Y. Cao et al. 0DWHULDOV�6FLHQFH�	�(QJLQHHULQJ�5�������������²��

�

Figure: Grain size refinement under SPD (Cao et al. 2018):

(1) Initial : formation of large size dislocations cell blocks containing dislocations and dislocation cells structures;

(2) Formation of micro-bands and transformation of some nearly dislocations cells into cells blocks;

(3) Formation of lamellar sub-grains containing numerous dislocations;

(4) Formation of well-developed lamellar sub-grains and some equiaxed sub-grains ;

(5) Homogeneous distribution of equiaxed ultrafine grains or nano-grains..
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Plastic deformation : Some conclusions

1 Twinning and relative motions of grain with refinement (e.g.
Zhylaiev & Langdon 2008) are mostly the mechanisms underlying
plastic deformation.

2 In addition, density of dislocation augments when the plastic
deformation increases (e.g. Cao et al. 2018).

3 Asympotic response. For complicated deformation operating in
SPD, microstructure mostly reach a steady state at which further
deformation does not change the overall microstructure.
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Dislocations density and grains relative motions

ε1 f1 (M)

ε2 f2 (M)

ε1 f1 (M + ε2f2)

ε2 f2 (M+ε1f1)

M

M’

M”

M1

M2

M
M’

M”

M1

M2

Figure: (L) Shear band formation. (R) Cartan parallelogram.

1 (Left) Illustration of a shear band formation resulting from a defect
discontinuity (δ, `) at points M ′ and M”.

2 (Right) Cartan parallelogram with area ε1 × ε2. At the continuum

level, nucleation and migration of a great number of defects

(discontinuities) occur, and give rise to macroscopic plastic strain
(Lüders-Hartmann bands)
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Dislocations density and grains relative motions

Schouten’s relations, 1954:

Theorem

Say an affinely connected manifold B. Let consider two arbitrary vectors
f1 and f2 at a point M, they define two paths of length ε1 and ε2. Then:





lim
(ε1,ε2)→0

(θ′ − θ′′)
ε1ε2

= ℵ (f1, f2) [θ]

lim
(ε1,ε2)→0

(w′′ −w′)

ε1ε2
= < (f1, f2,w)−∇ℵ(f1,f2)w

Proof (Partly R 1997, complete R 2021) With

ℵ (f1, f2) [θ] := (∇f1 f2 −∇f2 f1) [θ]− [f1, f2] [θ]

< (f1, f2,w) := ∇f1∇f2 w −∇f2∇f1 w −∇[f1,f2]w
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Sketch of the proof (1)

1) Consider a scalar field θ (M), we have respectively the relations:

{
θ (M1) = θ (M + ε1 f1) = θ (M) +∇ε1f1(M)θ (M)
θ (M ′) = θ (M1 + ε2f2 (M + ε1f1)) = θ (M1) +∇ε2f2(M+ε1f1) θ (M1)

We obtain the value of scalar field at M ′ in terms of its value at M ,

by noticing θ (M ′) = θ′ and θ (M) = θ , :

θ′ = θ + ε1∇f1θ + ε2∇f2θ + ε2ε1∇∇f1
f2θ + ε2ε1∇f2∇f1θ

+ ε2ε
2
1∇∇f1

f2∇f1θ (1)

2) Similarly, we also obtain:

θ′′ = θ + ε2∇f2θ + ε1∇f1θ + ε1ε2∇∇f2
f1θ + ε1ε2∇f1∇f2θ

+ ε1ε
2
2∇∇f2

f1∇f2θ (2)
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Sketch of the proof (2)

3) Following the same method, say a vector field, with w := w (M) ,:

w′ = w + ε1∇f1 w + ε2∇f2 w + ε2ε1∇∇f1
f2 w + ε2ε1∇f2∇f1 w

+ ε2ε
2
1∇∇f1

f2∇f1 w (3)

and

w′′ = w + ε2∇f2 w + ε1∇f1 w + ε1ε2∇∇f2
f1 w + ε1ε2∇f1∇f2 w

+ ε1ε
2
2∇∇f2

f1∇f2 w (4)

4) Final step:

(1) - (2) induces the first relation on torsion.

(3) - (4) induces the second result on curvature (and torsion). �

Remarque

Calculus is done exculsively at point M (then TMB). Without
curvature but with torsion, we may have vector field discontinuities.

L Rakotomanana Elements of Geometry



Covariance of Lagrangian L (Antonio & R 2011)

Theorem

The model of continuum defined by the Lagrangian (Reichenbach, 1929)

L = L (gαβ , Γγαβ , ∂λΓγαβ)

is covariant if and only if

L = L (gαβ , ℵγαβ , R
γ
αβλ)

Remarks :

Primal / internal variables are metric gαβ , torsion ℵγαβ , and

curvature Rγ
αβλ (Continuum physics : elasticity, fluid mechanics,

gravitation, electromagnetism, plastic deformation ... )

This theorem extends Cartan (1922) and Lovelock-Rund (1971,
1975) theorems from Riemann to Riemann-Cartan continuum.
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Sketch of proof

Proof: Different steps is given below (Antonio & R, 2011):

1 Consider an arbitrary change of coordinates (C∞ diffeomorphism)

xα = xα
(
y i
)
, and Jαi := ∂ix

α, · · ·
Write as follows : gij = Jαi Jβj gαβ , ...

2 Assume diffeomorphism-invariance (covariance) and the
transformation rules for the metric gαβ and the connection Γγαβ

L (gij , Γ
k
ij , ∂lΓ

k
ij + Γm

ij Γk
lm) = L (gαβ , Γ

γ
αβ , ∂λΓγαβ + ΓµαβΓγλµ)

3 Decompose Γγαβ and ∂αΓκβλ + ΓξβλΓκαξ into symmetric and skew
symmetric parts.

4 Differentiate L with respect to Jαi , ...

5 Apply the Quotient theorem (h tensor):

Aαβhαβ + Bαβγ∇γhαβ scalar ⇒ Aαβ , Bαβγ tensors �.

Remarque

L satisfies the second axiom of Hilbert on the invariance of the action.

L Rakotomanana Elements of Geometry



Differential geometry links RG and IC

Elastic Continuum (deduced from Cauchy-Weyl theorem, 1850,
1939)2

L = L (gαβ), gαβ := g (fα, fβ)

where {fα, α = 1, n} is an embedded base of B (Pfaffian F!).

Einstein Relative Gravitation

L = L (gαβ , R
γ

αβλ) as L = (1/2χ) gαβ <λλαβ

extended to Einstein-Cartan L = L
(
gαβ ,ℵγαβ ,<

γ
αβλ

)
.

Class of Inelastic Continua L = L
(
gαβ ,ℵγαβ ,<

γ
αβλ

)

2Complete proof in R2003 for rotational transformations
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Some Inelastic continuum models L = L (gαβ,ℵγαβ,<λ
αβγ)
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Figure: Inelastic deformation includes : (1) variation of the metric
components; (2) variations of the torsion and curvature.
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IV. Principle of General Covariance and Applications

Figure: Left: Plastic deformation of (Metallic alloy, set of microcosms);
Middle: Spacetime in Loop Quantum Gravitation (set of ”quanta”).

L Rakotomanana Elements of Geometry



Gauge Invariance & Conservation laws

For the general case, we have.

1 Principle of General Covariance. 3 (e.g. Souriau 1975, Duval &

Künzle 1978, R 2018) The principle dwells upon Poincaré’s invariant
integral involving Lie derivatives,:

δS =

∫

B

(
(σαβLξgαβ + Σαβ

γ Lξℵγαβ + Ξαβµλ Lξ<λαβµ
)
ωn = 0

∇ compatible with ωn and ξ divergence-free.

2 Conservation laws are obtained when the trajectory is shifted
while the action is left unchanged. Active diffeomorphisms are
defined by Lie derivative variations

{Lξgαβ , Lξℵγαβ , Lξ<λαβµ}

3It can be extended to Noether-Klein method to provide Klein identities by
considering ξ, ∇ξ, ∇∇ξ, ... )e.g. Lompay & Petrov 2013)
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Application (1) : Lagrangian of the form L (gαβ)

Constitutive laws. The ”stress” σ is defined as :

σαβ :=
∂L

∂gαβ
(gµν ,ℵγµν ,<γµνε︸ ︷︷ ︸

frozen

)

Theorem

Consider a Riemann-Cartan continuum (B, g,∇) with a Lagrangian
function L (gαβ). Then :

∇ασαγ = 0

Proof: 1. Local invariance. The PGC of the Lagrangian holds:

δL :=

∫
σαβ Lξgαβ ωn

Lξ gαβ = ξγ ∇γgαβ + gγβ ∇αξγ + gαγ ∇βξγ
+ ξγ

(
gαν ℵνγβ + gνβ ℵνγα

)

Integrate by parts and shift the boundary terms to obtain:

∇ασαγ + ℵλαγ σαλ = 0
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Proof (2)

2. Global Invariance. By considering a uniform vector field ξ such that
∇ξ ≡ 0, we obtain a Klein Identity:

σαβ
(
gαν ℵνγβ + gνβ ℵνγα

)
= 2 σαµ ℵµγα ≡ 0

We deduce the classical continuum conservation laws:

∇ασαγ = 0 �

The implicit presence of the torsion within the covariant derivative
should be accounted for (e.g. Futhazar et al. 2014). (Spatial fading
of waves)

Other identities might exist according to the choice of ξ (x). (e.g.
Lompay & Petrov 2013)
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Example of 3D-elasticity with non evolving defects

1 Lagrangian L

u(ε) =
λ

2
Tr2ε+ µTr(ε2), L :=

ρ

2
‖dv

dt
‖2 − u(ε)

2 Small strain assumption:

gαβ ' δαβ +∇αuβ +∇βuα, ε :=
1

2

(
∇u +∇uT

)

3 Extended Navier equation:

∂2
t u
α =

λ+ µ

ρ
∇α∇βuβ+

µ

ρ
∇β∇βuα+

µ

ρ
ĝαµ

(
<µν uγ − ℵγβµ∇γuβ

)

Remarque

Wave behaviour similar to the bending of light (electromagnetic wave)
waving through a gravitational field !
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Application (2) : Inelastic continuum

1 Separate the torsion into skew-symmetric Cartan’s forms:

ℵγαβ →
{
ω

(1)
αβ , ω

(2)
αβ , ω

(3)
αβ

}

(dislocations density)

2 Reduction of curvature to Ricci tensor in 3D:

<γλαβ → Rαβ := <γγαβ
(disclinations density)

3 (Covariant) Lagrangian of some class of inelastic continua

L = L (gαβ , ω
(n)
αβ ,Rαβ)
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Principle of General Covariance

1 Gauge Invariance (divergence-free gauge ξ)

δS =

∫

B

(
σαβLξgαβ + Σαβ

(n)Lξω
(n)
αβ + ΞαβLξRαβ

)
ωn = 0

2 Constitutive laws

σαβ :=
∂L

∂gαβ
, Σαβ

(n) :=
∂L

∂ω
(n)
αβ

, Ξαβ :=
∂L

∂Rαβ

Remarque

Stress σαβ is symmetric, Σαβ
(n) are skew-symmetric. The dual of Ricci

curvature Ξαβ is not necessarily symmetric.
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Conservation Laws from Gauge Theory

Theorem

Let B a continuum with Lagrangian L (gαβ , ω
(n)
αβ ,Rαβ), n = 1, 2, 3.

Then the conservation laws hold:

∇ασ̃αγ = 0

where we define the generalized stress σ̃αγ :

2σ̃αγ := 2 σαγ + 2 Σαβ
(n)ω

(n)
γβ + 2 ΞαβRγβ

Remarque

Presence of dislocations density in σ̃αγ seems giving new interesting
insights for modeling strain hardening phenomenon during plastic
deformation : ”the first problem to be attempted by dislocation theory
and may be the last to be solved” (e.g. Kocks & Mecking, 2003).
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Sketch of the proof

1 Lie derivatives of primal variables:

Lξgαβ = ξ
γ
(
∇γgαβ + gαν ℵν

γβ + gνβ ℵν
γα

)
+ (gγβ ∇αξ

γ + gαγ ∇βξ
γ )

Lξω
(n)
αβ

= ξ
γ
(
∇γω

(n)
αβ

+ ω
(n)
νβ

ℵν
γα + ω

(n)
αν ℵν

γβ

)
+ (ω

(n)
γβ

∇αξ
γ + ω

(n)
αγ∇βξ

γ )

LξRαβ = ξ
γ
(
∇γRαβ + Rνβ ℵν

γα + Rαν ℵν
γβ

)
+ (Rγβ∇αξ

γ + Rαγ∇βξ
γ )

2 The three Klein-Noether identities take the following form for γ = 1, 2, 3:

0 = σ
αβ
(
∇γgαβ + gαν ℵν

γβ + gνβ ℵν
γα

)
+

n=3∑
n=1

[
Σ
αβ
(n)

(
∇γω

(n)
αβ

+ ω
(n)
νβ

ℵν
γα + ω

(n)
αν ℵν

γβ

)]
+ Ξαβ

(
∇γRαβ + Rνβ ℵν

γα + Rαν ℵν
γβ

)
3 By accounting fot these identities, it is easy to deduce the following equation by integrating by parts:

∫
B
ξ
γ∇α

[
2 σα

γ + 2 Σ
αβ
(n)
ω

(n)
γβ

+ (ΞαβRγβ + ΞβαRβγ )
]
ωn = 0 �
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Comment on Generalized Stress

Remarque

Different names of Σαβ
(n) and Ξαβ : Hypermomentum in Relative

Gravitation with spin (e.g. Hehl et al., 1975-76,77,78), or Total energy

stress (e.g. Duval and Künzle, 1978); Micro-stress and

Polar micro-stress in Strain Gradient Plasticity (e.g. Gurtin and

Anand, 2004-2005); Currents in Generalized Gravity (e.g. Obukhov et
al. 2013, 2015, Lompay et al. 2013) ....

Remarque

Generalized stress 2σ̃αγ includes

1 a ”reversible” part σαγ

2 contribution of Cartan forms ω
(n)
αβ (corresponding to a spin, due to

dislocations) and its dual Σαβ
(n) ,

3 contribution of Ricci tensor Rαβ and its dual Ξαβ (due to
disclinations).
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V. Concluding remarks

Figure: Plasticity, Gravitation and way of Life

The Principle of General Covariance (Gauge Theory) can be applied
for Relative Gravitation spacetime and for Inelastic Continuum modeled
as Riemann-Cartan manifold. Application in sequence the two invariance
criteria is worth:

1 Covariance (passive diffeomorphism, necessary criterium for any
physics theory, e.g. Norton 2005)

2 Principle of General Covariance (active gauge invariance, e.g.
Souriau, 1975)
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Some other applications (R 2023)

The same sequential method was applied to other various
model :

1 Riemann-Cartan spacetime / continuum L (gαβ ,ℵγαβ ,<
γ
αβλ)

(MAG without nonmetricity) (e.g. Obukhov et al, 2015);

2 Weitzeböck Continuum with Lagrangian L (gαβ , T γαβ) where

T γαβ := Γγαβ − Γ
γ

αβ is the contortion tensor (similar to plasticity);

3 ”Gradient Weitzeböck” Continuum with Lagrangian
L (gαβ , T γαβ ,∇T

γ
αβ) which is very similar to the Strain Gradient

Plasticity (e.g. review Voyiadjis & Song, 2019, Gurtin-Anand,
2005)

We get an unified framework for conservation laws :

∇ασ̃αγ = 0 σ̃ = σ + C (ℵ,<,Σ,Ξ) or σ̃ = σ + C (T ,∇T ,Σ,Ξ)

Very similar generalized stress was obtained in e.g. Medina et al, 2019,
for studying Einstein-Cartan cosmologies, avoiding singularity.
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Merci pour votre attention !
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